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Abstract 

Given a scheme in characteristic p together with a hfting modulo 
p^, we construct a functor from a category of suitably nilpotent mod- 
ules with connection to the category of Higgs modules. We use this 
functor to generalize the decomposition theorem of Deligne-Illusie to 
the case of de Rham cohomology with coefficients. 
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Introduction 

Let A/C be a smooth projective scheme over the complex numbers and let 
A"^"- be the associated analytic space. Classical Hodge theory provides a 
canonical isomorphism: 

H^{X,nx,c) = H^{X^^,C) - iJX^,^'x/c)- (0-0.1) 

i+j=n 

Carlos Simpson's "nonabelian Hodge theory" provides a generalization of 
this decomposition to the case of cohomology with coefficients in a represen- 
tation of the fundamental group of A"". By the classical Riemann-Hilbert 
correspondence, such a representation can be viewed as a locally free sheaf 
E with integrable connection {E, V) on A. If [E, V) satisfies suitable con- 
ditions, Simpson associates to it a Higgs bundle {E',6), i.e., a locally free 
sheaf E' together with an Ox-linear map 9: E' E' (g) fi^/c such that 
6 A 6: E' ^ E' ® ^x/c vanishes. This integrability implies that the iterates 
of 9 are zero, so that 9 fits into a complex (the Higgs complex) 

E' O n'y/c := E' ^ E' ® ^ E' ® fii/p ■ ■ ■ . 
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As a substitute for the Hodge decomposition flO.O.ll) . Simpson constructs a 
natural isomorphism: 

ff"(x, E o n-^/^c^ d) = V) = E' ® n^/c, o), (0.0.2) 

In general, there is no simple relation between E and E', and in fact the 
correspondence E E' is not holomorphic. 

Our goal in this work is to suggest and investigate an analog of Simpson's 
theory for integrable connections in positive characteristics, as well as as an 
extension of the paper p] of Deligne and lUusie to the case of de Rham 
cohomology with coefficients in a D-module. Let X be a smooth scheme 
over a the spectrum of a perfect field k, and let F : X ^ X' be the relative 
Frobenius map. Assume as in [8] that there is a lifting X of X' to W2{k). Our 
main result is the construction of a functor C-^ (the Cartier transform) from 
the category MIC{X/ S) of modules with integrable connection on X to the 
category HIG{X' / S) of Higgs modules on X'/S, each subject to suitable 
nilpotence conditions. 

The relative Frobenius morphism F and the p-curvature 

^p■. E ^E®F*Vl\, 

of a module with integrable connection {E, V) play a crucial role in the study 
of connections in characteristic p. A connection V on a sheaf of Ox-modules 
E can be viewed as an action of the sheaf of PD-differential operators [31 
(4.4)] Dx on X. This sheaf of rings has a large center Zx'- in fact, F^Zx 
is canonically isomorphic to the sheaf of functions on the cotangent bundle 

c : S Tx' = F^Zx, (0.0.3) 

and F^Dx is an Azumaya algebra over S'Tx' [4J. The map c takes a vector 
field e {i.e., a derivation of Ox) to 6^ - 6^^^ G Dx, where O^p^ e Deri^Ox) is 
the pth iterate of 9 and 9^ is the pth power of 9 in Dx- If V is an integrable 
connection on E, then by definition ipe is the Ox-linear endomorphism of E 
given by the action of Vc{6»)- 

Let X be a lifting of X. Our construction of the Cartier transform Cx'is 
based on a study of the sheaf of liftings of the relative Frobenius morphism 
F: X — > X'. For each open subset f/ C X, the set Cj^{U) of all Frobenius 

^Thc name "differential operators" is misleading: although Dx aets on Ox, the map 
Dx End(C'x) is not injcctive. 
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liftings F : If U' is naturally a torsor under the group F*Tx>. Key to our 
construction is the fact that the F*Tx'-torsor q: Cj^ ^ X has a canonical 
connection 

compatible with the Frobenius descent connection on the vector bundle 
F*Tx'. If F is a local section of , V(F) e nom{F*n\,,n\) is given 
by 

(^p, : F ^l^, ^Ij^, 

where (p, := p~^dF is the lifting of the inverse Cartier operator defined by 
F. Thus the sheaf of functions Ax := q*Ocj^ acquires a connection, as does 
its Ox-hnear dual Bj^. The torsor structure on £^ induces an action of the 
completed PD symmetric algebra r.F*Tx' on and Bj^. We show that the 
induced action of S'Tx' coincides with the action of the center S'Tx' C Dx 
defined by the p-curvature of the connection V. Thus Bx becomes a module 
over the algebra D]^ := Dx ®5 t^, T-Tx'- 

We define the Cartier transform Cx from the category of Dj-modules to 
the category of f .Tx'-modules by the formula: 

Cx{E)=iMomj,.^{Bx,E), 

where l is the involution of Tx' sending 9' to —9'. In fact, Bx is a split- 
ting module for the Azumaya algebra D]^, and from this point of view, the 
Cartier transform is just the equivalence of categories between the category 
of modules over a split Azumaya algebra and the category of (9-modules 
on the underlying space defined by the choice of a splitting module. In 
particular, the Cartier transform gives an equivalence of categories between 
the category M/Cp_i(X) of nilpotent -D-modules of level less then or equal 
to p — 1 and the category HIGp_i{X') of Higgs modules supported on the 
{p — 1)** infinitesimal neighborhood of the zero section X' ^ T^^^,. The 
larger categories of D^^-modules and f .Tx'-modules have the advantage of 
being tensor categories, and the Cartier transform is in fact compatible with 
the tensor structures. 

We also obtain an analog of Simpson's isomorphism (10. 0.21) : if {E',9') is 
the Cartier transform of a module with connection {E, V) whose level is less 

^The role of the involution l is to insure that our constructions are compatible with the 
standard Cartier operator and with the decomposition of the de Rham complex constructed 
by Deligne and lUusic [8]. 
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than the p minus the dimension of X, then we construct an isomorphism in 
the derived category between the de Rham complex of {E, V) and the Higgs 
complex of {E',6'). This result generalizes the decomposition theorem of 
Deligne-IUusie |8]. 

Let us describe the structure and content of the paper in more detail. We 
work with a smooth morphism X/S of schemes in characteristic p. We shall 
see that the Cartier transform depends on a lifting X'/ S of X'/ S modulo p^ 
rather than a lifting of X/S, and we write X/S for the pair {X/ S, X' / S). 
In Theorem 11.11 of section 11.11 we construct the torsor Cx/s of liftings of 
Frobenius and compute its connection in Proposition 11.101 and p-curvature 
in Proposition II. 5[ using the geometric language of the crystalline site and 
in particular Mochizuki's geometric description of the p-curvature, which we 
recall in Proposition 11.71 

We also discuss in section [L3] the relationship between Ax/s and some 
more familiar constructions in the literature. 

Section [2] is devoted to the construction of the Cartier transform. We 
begin by reviewing in Theorem 12.11 the Azumaya property of the algebra of 
differential operators and the canonical fppf splitting module described in 
[1]. Then we discuss the global Cartier transform Cx/s as well as a local 
version which depends on a lifting F of the relative Frobenius morphism 
Fx/s- Theorem 12.71 constructs from such a lifting F, or just the correspond- 
ing splitting ( of the inverse Cartier operator, a surjective etale endomor- 
phism of T*^, and a splitting module of a^Dx/s- The restriction 
of to the formal completion of T*^, along its zero section splits the ring 
Dx/s '■= Dx/s ®sT^,/s S'Tx'/s of HPD differential operators, and this split- 
ting module defines an equivalence, which we call in Theorem 12 . 1 1 1 the local 
Cartier transform, between the category of modules over Dx/s and the cate- 
gory of modules over the ring S'Tx'/s- In fact, is naturally isomorphic to 
the dual of the divided power envelope of along the ideal of the section 
of Cx/s defined by F. This gives the compatibility between the local and 
global Cartier transforms. 

In Theorem 12.231 we explain how the Cartier transform can be viewed 
as an analog of the Riemann-Hilbert correspondence, with the sheaf of Ox- 
algebras Ax/s playing the role of Ox'^"- We also discuss a filtered version of 
the construction, in which we study filtered D]^^^- modules {E,N.), where 

iT,Tx'/s)NkE C Nk-jE (0.0.4) 
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for all k and j. The algebra A^/s has a canonical filtration with this prop- 
erty, and we show that the filtered object Cx/s{E, N.), can be computed 
from the tensor product filtration on Ax/s ® E, which again satisfies fl0.0.4p . 
This construction will become important in our analog Theorem 12.261 of the 
cohomological theorems of Simpson and Deligne-IUusie and in particular to 
our study of the "conjugate filtration" in cohomology. 

Section [3] investigates the compatibility of the Cartier transform with 
direct and inverse images with respect to a morphism of smooth S'-schemes 
h: X ^ Y. We begin with a review of the construction of the Gauss Manin 
connection on the relative de Rham cohomology R'^h.^{E ® ^j^/y) when h 
is smooth and discuss its analog for Higgs fields. Our review culminates 
with Theorem 13.41 which shows that Wh,, increases the level of nilpotence 
of a connection by at most the relative dimension d of strengthening the 
result [18,5 5.10] of Katz. In particular, we show that if N. is a filtration of 
E such that Gi'^ E has zero p-curvature, then the filtration of R'^h^{E (g) 
^'x/y) induced by Deligne's "filtration decalee" N'^'^'^ of E ® ^x/y has the 
same property. Theorem 13.81 shows that the Cartier transform is compatible 
with direct image by constructing, given a lifting h' of of h' : X' ^ Y', an 
isomorphism in HIG{Y' / S) 

WK"'''C;,,sE = Cy/sR'hf^'E (0.0.5) 

if the level of E is less than p — d; we also show that this construction 
is compatible with the filtrations N'^'^'^. This result can be regarded as a 
relative version of the cohomology comparison Theorem 12.261 

The remainder of sect ion [3] is devoted to derived versions of these results in 
a certain filtered derived category of Higgs modules. The first important in- 
gredient of this approach is a new construction, described in Proposition l3.12[ 
of the functors Lh]^^ and RhoR^ in characteristic p, due to Bezrukavnikov 
and Braverman [5], based on the Azumaya property of the algebra F^Dx/s- 
This construction allows us to work locally over the cotangent bundle. An- 
other ingredient is the conjugate filtration 

■ ■ ■ C C ■ ■ ■ C J], C Fx/s*Dx/s, (0.0.6) 

where Tx = S'Tx' /s{Fx/s*Dx/s) 

and the concept of the X-filtered derived category DF{Fx/s*Dx/s,^x) of 
modules over the filtered algebra Fx/s*Dx/s- Objects of this category are 
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filtered complexes {E' , N') of Fx/ s*Dx/s-^o dules such that for every integer 
i 

or equivalently, such that the associated graded module has vanishing p- 
curvature. We lift the functors Rh^^ and Lh*^j^ to functors between the 
X-filtered derived categories and prove in Proposition 13.161 that for a smooth 
morphism h : X ^ Y of relative dimension d the functor Rh^^ increases the 
range of the X-filtration at most by d: 

Rh^'^{DF[k,i]{Fx/s*Dx/s,Ix)) C DF[fe„d,](Fy/s,Dy/5, Jy). 

We also explain in Remark 13.191 how our formalism combined with the split- 
ting property of the Azumaya algebra GrxFx/s*Dx/s leads to a general- 
ization of the Katz's formula |19l Theorem 3.2] relating the p-curvature to 
the Kodaira- Spencer mapping. In section 13.51 we explain how the Cartier 
transform lifts to an equivalence of triangulated categories 

C;^/s : DF[kfl{Fx/s*Dx/s,Ix) = DF^k,i]{S-Tx'/s, Jx'), when I - k < p. 

between the category DF]j^^^{Fx/ s*D x/ s I'^x) and the J -filtered derived cate- 
gory DFik,i]{S'Tx'/s, >7x') of Higgs modules, where jTx' C S'Tx'/s is the ideal 
generated by Tx' /s- We then show in Theorem (3.20) that, for a smooth mor- 
phism h : X ^ Y, a lifting h' : X' ^ Y' induces a quasi-isomorphism 

Cx/soRh^'' = Rh'J'''' oCx/s. for l-k + d<p. 

The exposition of sections [X5H3 .51 does not depend on sections [XTI - I3.2[ which 
obtain many of the same results on the level of cohomology by more explicit 
methods. 

Section 4 is devoted to applications and examples. First we give a char- 
acterization of the local etale essential image of the p-curvature functor from 
the category MIC{X/ S) to the category of F-Higgs sheaves. We show in 
Theorem 14. II that if E is coherent and if): E ^ E ® F^jgVL]^, jg is an F-Higgs 
field, then, etale locally on X, (F, ip) comes from a connection if and only if, 
etale locally, (F, ■?/') descends to X' . This can be regarded as a nonabelian 
analog of the exact sequence [221 4.14] 

U ^ ^ txis*'-Jx ^x/s*^x/s " "x'/s " 
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where Cx/s is the Cartier operator and vr: X' ^ X is idx x Fs- Next in 
Theorem 14.51 and Proposition 14.41 come a comparison of the gerbes of hftings 
of X' and of sphttings of Fx/s*Dx/s ^ cohomological formula for the class 
of Fx/s*Dx/s in the Brauer group. We prove in Theorem 14. 141 that if X is an 
abelian variety, then Fx/s*Dx/s always splits over the formal completion of 
the zero section of its cotangent bundle, and in section 14.51 we construct an 
example of a liftable surface for which Fx/s*Dx/s does not have this property. 
Section 14.61 contains a discussion of p-torsion Fontaine modules, especially as 
developed in [11] and [27], from the point of view of the Cartier transform. 
As an application, we give a reduction modulo p proof of the semistability 
of the Higgs bundles arising from Kodaira-Spencer mappings. Finally, in 
section 14. 7[ we show how our nonabelian Hodge theory can be used to give 
a "reduction modulo p" proof of a celebrated recent theorem of Barannikov 
and Kontsevich, answering a question of Sabbah [33]. 

We conclude with an appendix devoted to generalities about Higgs fields, 
and in particular to the study of the tensor product structure on the category 
of Higgs modules. This structure can be viewed as a convolution with re- 
spect to the additive group law on the cotangent space and makes sense when 
restricted to the formal and divided power completions of the zero section. 
The tensor category of Higgs modules has an internal Hom, and an object F 
of HIG{X) defines what we call a "Higgs transform" E T-ComHiciF, E) 
from the category of Higgs modules to itself. Our key technical result is 
Proposition I5.16[ which shows that the Higgs transform with respect to a 
character sheaf on the cotangent space defines (after a change of sign) an 
involutive autoequivalence of tensor categories. In the last part of the ap- 
pendix we introduce, using Dx/s as a model, the notion of a tensor structure 
on an Azumaya algebra A over a group scheme. Such a structure makes the 
category of ^-modules a tensor category. 

Both authors would like to express their gratitude to Roman Bezrukavnikov. 
The second author would like to say that he learned the main idea of this 
work from him: in particular, he explained that the ring of differential op- 
erators in characteristic p is an Azumaya algebra over the cotangent bundle 
and suggested that it might split over a suitable infinitesimal neighborhood 
of the zero section. The first author was blocked from realizing his vision 
(based on [28]) of a nonabelian Hodge theory in positive characteristics until 
he learned of this insight. Numerous conversations with Roman also helped 
us to overcome many of the technical and conceptual difficulties we encoun- 
tered in the course of the work. The authors also benefited greatly from 
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Pierre Berthelot, who in particular explained to the first author years ago 
how a lifting of Frobenius makes Dx/s into a matrix algebra. Special thanks 
go to the referee who pointed out a mistake in an early draft as well as a 
simplification in our argument which offered a way around it. This led us 
to the realization that we could greatly strengthen one of our main results 
and allowed us to develop the filtered Cartier transform in the context of 
cohomology and derived categories. We are also extremely grateful to the 
referee for pointing out an enormous number of misprints and ambiguities in 
an early draft. We would also like to thank Alexander Beilinson, Alexander 
Braverman, Luc lUusie, and Ofer Gabber for the interest they showed and 
the advice they provided. Finally, we would like to alert the reader to a forth- 
coming work by Daniel Schepler which extends this theory to log geometry. 
I 

1 The torsor of Frobenius liftings 
1.1 Liftings of Frobenius 

If X is a scheme in characteristic p, let Fx denote its absolute Frobenius 
endomorphism, i.e., the map which is the identity on the underlying topo- 
logical space and which takes each section of Ox to its pth power. For any 
morphism f : X S oi schemes in characteristic p, Fs o f = f o Fx, and 
one has the relative Frobenius diagram: 

\- fiS) f 



The square in this diagram is Cartesian, and the map Fx/s is the unique 
morphism over S such that hx/s ° Fx/s = Fx- If no confusion seems likely 
to result, we may simplify the notation, writing X' for X^^\ F for Fx/s, 

•^Both authors would like to acknowledge the support this collaboration received from 
the Committee on Research at the University of California at Berkeley. The second author 
was partially supported by NSF grant DMS-0401164, but support for the team effort was 
denied by the National Science Foundation and the Miller Institute for Basic Research. 
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etc. We also often write X/S for the morphism f: X ^ S, viewed as an 
^'-scheme. 

If /: X — is any morphism of schemes in characteristic p > and n 
is a positive integer, by a lifting of f modulo p"' we shall mean a morphism 
/: X — > 5' of flat Z/p"Z-schemes, together with a Cartesian diagram 




where S ^ S is the closed subscheme defined by p. Note that if X/S is 
such a lifting and X/S is flat (resp. smooth), then so is X/S. We shall be 
primarily interested in the case n = 2, and if n is not specified, this is what 
we shall mean. If the absolute Frobenius endomorphism Fs lifts to S, then 
f: X Xp- S ^ S lifts X'/S. For example, if S is the spectrum of a perfect 
field k and S the spectrum of its truncated Witt ring, then there is a unique 
such Fg, but in general there is no reason for a lifting of Fg or of X' to exist, 
even locally on S, unless S is smooth over a perfect field. 

Throughout the rest of this section, let us fix a smooth X/S as above. 
We assume that a lifting X'/S of X'/S modulo p^ exists, and we denote 
the pair {X/S, X'/S) by X/S. Note that, given a lifting X of X, it is very 
rare for there to exist a global hfting of Fx/s '■ X — > X'. (For example, no 
such lift can exist if X is a smooth proper curve of genus at least two over 
a perfect field, as is well known.) However it follows from the smoothness of 
X'/S that such lifts do exist locally, and we shall see that the sheaf of such 
liftings is crystalline in nature. 

Let us fix a divided power structure on the ideal pOg and consider the 
crystalline site Cris{X / S). If {U,T) is an object of Cris{X/ S), let T be the 
reduction of T modulo p. The ideal Jt of the inclusion i: U — T is a divided 
power ideal, and so = for every local section a of Jt. Then the relative 
Frobenius map Ft/s factors through U' , and there is a unique and canonical 
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morphism Jt/s'- T ^ X' such the following diagram commutes. 




:i.o.7) 



Let us note for future reference that the differential of Jt/s vanishes: 

= dfr/s- ^x'/s ^ fT/s*^T/s (1.0.8) 

Indeed, df^^g o di' = dFx/s = 0, and since di' is an epimorphism, c?/^^^ = 0. 

If (7 : Ti — > T2 is a morphism in Cris{X/S), then /T2/5 ° 9 = fxi/s- Hence 
if E' is a sheaf of Ox'-modules, there is a natural isomorphism 

Z) . „* -f * z?' ~ -f* z?' 
^9- 9 JT2/S^ — JTi/S-^ 5 

and the collection {f^^gE',9g} defines a crystal of Ox/s-modules. The cor- 
responding object of MIC{X/ S) is F^^^E' with its Frobenius descent con- 
nection. (This is the unique connection V on F^^gE' which annihilates the 
sections of F-jgE' C F^/g^'.) 



An extension of crystals 

- 



E^H 



X 







;i.o.9) 



gives rise to a sheaf h^^{l) G H oi i?-torsors on Cris{X/ S); this construction 
defines an equivalence between the category of E'-torsors and the category of 
extensions f ll.0.91) . Recall that giving a crystal E amounts to giving a quasi- 
coherent sheaf of Ox-modules with an integrable connection : -E' — 
E (g) ^x/s- Similarly, giving an _E-torsor C on Cris(X/S) is equivalent to 
giving an ii^-torsor C on Zar(X) together with a map 

Vc- jC^ E(g) 

such that V£(/ + e) = V£(Z) + Ve{g) and such that the composition 

E^n^. 



C^E 



^x/s " F ® ^x/S 
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is equal to zero. 

If £^ is a locally free crystal of modules, wc shall denote by E the 

corresponding crystal of affine group schemes over Cris{X/S). That is, for 
each T e Cris{X/S), 

Et := Spec^- S'Qj^, 

where Q' is the crystal of Ox/5-Hiodules dual to E. In particular, a vector 
bundle E' over X' defines a crystal of affine schemes FJ^^^E'. More generally, 
for an £'-torsor C on Cris{X/ S), we denote by L the corresponding crystal 
of affine schemes, which has a natural action E x L — > L. 

Now let us fix a pair X/S := {X/ S, X' / S) as above. By a lifting of fr/s 
to T wc shall mean a morphism E : T ^ X' lifting fr/s- The sets of such 
liftings on open subsets of T form a sheaf C^^^ f on the Zariski topology of T 
(which coincides with the Zariski topology of T). Since X' / S is smooth, such 
liftings exist locally, and by standard deformation theory, the sheaf l^xis^r 

of 

such liftings forms a torsor under the abehan sheaf 'Hom{f^igQ}^, jg^pOf) = 

fT/si^X'/s)- 

Theorem 1.1 LetX/S := {X/S,X'/S) be as above. Then there is a unique 
crystal of E^^gTx' /s-torsors Lxjs on X/S with the following properties. 

1. For each object T of X/S admitting a Hat lifting f e Cris{X/S), 
Cx/s,T is the sheaf of liftings of fx/s to T. 

2. For each morphism g: Ti ^ T2 of Hat objects in Cris{X/S) and each 
lifting F: f2 X'offr^/s, the transition map 9 g-. g*Cx/s,T2 ^ ^xis,Ti 
satisHes 

9g{F) = Fog:f,^X'. 

Wc denote byLx/s th^ crystal of affine schemes Spec Ax/s corresponding to 
the E^^gTx'/s-torsor Cx/sS thus Ax/s 1^ a crystal of quasi-coherent Ox/s- 
algebras. 

Remark 1.2 We should point out that if Ti and T2 are two flat liftings 

of an object T of Cris{X/ S), then the set of liftings of fx/s to Ti and 
to T2 can be canonically identified. More precisely, let Ti and T2 be fiat 
objects of Cris{X/ S), and let g and g' be two morphisms Ti — >• T2 with the 
same reduction modulo p. Then Cx/sif)) = ^x/sif)') as maps Cx/s{T2) — > 
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Cx/s{Ti)- This follows from the proof of the theorem, but it can also be 
deduced from the following elementary argument. Let (7: Ti — T2 be the 
common reduction modulo p of gi and g2- Then there is a map h \ f^^^/s ~^ 
q^Ot^ such that g'*{a) = g*{a) + [p\h{da) for every section a of Of^ lifting a 
section a of Ot2- Then if F G C-x/siT2) is any lift of /T2/5 and 6 is a section 
of with image h in Ox', 

{F o ^')*(&) = {F o + [p]h{dfT,/s{db)). 

But we saw in f ll.O.Sp that df'T^/s = 0, hence F o g = F o g' . 

Proof of Theorem \l.l\ We will need the following easy technical result. 

Lemma 1.3 Let Crisf{X/ S) denote the full subsite of Cris{X/ S) consist- 
ing of those objects which are flat over S. Then the niorphisni of sites 
a: Crisf{X/S) Cris{X/S) induces an equivalence between the respective 
categories of crystals of O^/s-^odules. 

Proof: Indeed, the question is local on X, so we may assume the existence 
of a lifting X / S. Then both categories can be identified with the category of 
pairs [E, e), where L^ is a quasi-coherent O x-modvXe and e is an isomorphism 
between the two pullbacks of E to the divided power completion of X x X 
along the diagonal, satisfying the cocycle condition [21 §6]. □ 

Thus we can identify the category of crystals of Cx/s-modules on Cris{X/ S) 
and the category of p-torsion crystals of O^^^^-modules on Crisf{X/S). The 
same is true for torsors over crystals of Ojsf/s-modules. 

It is clear that the family {Cp^^^f : T G CriSf{X/ S)}, together with the 
family of transition maps dg described in the theorem, forms a sheaf of sets 
on Crisf{X/S). Furthermore, as we saw above, this family naturally forms 
a sheaf of F^^^Tx'/s-torsors. This proves the theorem. 

□ 

Let us record some basic facts about vector groups which we will need 
later. Let ttt : T — > X be a vector group over X and let T be its sheaf of 
sections. Thus T is a locally free sheaf of Ox-modules of finite rank and 
T = Specjif S'Q, where Q is the dual of T. The pairing T x — > Ox extends 
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to a pairing T x S'^l Ox, where sections of T act as derivations of S'^l. 
This action defines a map: 

^ Dg: T -> tit^Tt/x, 

which identifies T with the sheaf of translation invariant vector fields of T 
relative to X. It also induces an isomorphism n^T — > Tt/x- Moreover, there 
is a canonical pairing of Ox-modules: 

r„T ® 5"+"^ ^ s^Ti 

which is perfect when m = 0; see (section 15.41) and [3l AlO]. If we endow 
r.T with the topology defined by the PD-filtration of T.T and S'Q with 
the discrete topology, this action is continuous. Thus it extends to a con- 
tinuous action of the completion T.T and identifies T-Comox{S'fl,Ox) with 
the completed divided power algebra f .T of T. This action identifies the 
sheaf of divided power algebras T.T [32] with subring of translation invariant 
elements in the full ring of differential operators [31 2.1] of T relative to X. 

A section ^ of T can be thought of as a section of the map vr-jp : T ^ X; 
let : T ^ T be translation by ^. Then the derivation belongs to the 
divided power ideal of T.T, exp{D^) makes sense as a differential operator of 
infinite order, and one has the formula (Taylor's theorem): 

tl{f) = {expD^){f). (1.3.1) 

for the action of on S'Q. The increasing filtration 

i<n 

is invariant under t|; furthermore t| acts trivially on the successive quotients. 

Now let 7r£ : £ — » X be a T-torsor over X. It follows from the translation 
invariance of that the action of T.T on 5*'^ carries over to an action on 
'n'c*Oc- Similarly, there is a canonical filtration N. on ttc^Oc and a canonical 
isomorphism 

Gt^{ttc*Oc) = S'n (1.3.2) 

^Thus the Cartier dual of T is the formal scheme T* associated to the P_D-algebra T.T 
with the topology defined by the divided power filtration {nj>n ■ ^ ^1- 
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Note that NiTTc*Oc can also be characterized at the annihilator of Y[j>i ^j'^- 
The bottom level of the filtration corresponds to the translation invariant 
sections, so there is a canonical exact sequence 

where S := Ni7Cc*Oc is the set of afiine functions on C 

A section i of C determines an isomorphism se: C —>■ T: Se{£') :=£' — £& 
T for all sections i' over all X-schemes T. This isomorphism determines an 
isomorphism 

ai := s|: S'Q Trc*Oc- 

This is the unique isomorphism of filtered Ox-algebras with the property that 
a£{uj){i') = {uj,i' — i) for all local sections i' of £ over X and u of Q. (The 
uniqueness comes from the fact that any polynomial a E A[ti, . . .td] of degree 
less than or equal to 1 is determined by its values on all A- valued points.) 
Note in particular that, as a F.T-modules, 'n'c*^c is locally coinvertible, i.e., 
its C^jf-linear dual is, locally on X, free of rank one over T.T. 

Finally, let us remark that if T ^ T' is an Ox-linear map of locally 
free sheaves, and C is the T'-torsor deduced from C by pushout, then the 
morphism L ^ £J induces an isomorphism 

T^nuOa = Hom^ r.iV.T', nc.Oc) (1.3.3) 

Let us summarize these remarks for our crystal of torsors Cx/s- 

Proposition 1.4 Let X /S := (X, X') and Cx/s be as above, and let Ax/s 
denote the corresponding crystal of Ox-Silgebras. 

1. There is a natural horizontal action oft.F^jgTx'/s on Ax/s, compati- 
ble with the action of F^^^Tx'/s by translation, as described in formula 

Al.S.l]) above. As a sheaf of rF^^g{Tx'/s)-^odules on X, Ax/s 1^ lo- 
cally coinvertible. 

2. There is a natural horizontal filtration N. on Ax/s, invariant under the 
action ofF^^^Tx'/s- 1^ fs-ct NiAx/s 1^ the annihilator of Ylj^i j^x/s^^' /s, 
and there is a canonical isomorphism: 

Gr!^ Ax/s = Fx/sS ^x'/s- 
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3. Let T be a Hat object of Cris{X/S) and let F : T ^ X' be a lift of 
fr/s- Then there is a unique isomorphism of (filtered) OT-algebras 

^F- fr/S^ ^X'/S " '^X/S,T- 

with the following property. For every section a! of Ox, lifting a sec- 
tion a' of Ox', (^fUt/s^'^') ^ ^i-^x/s,T is the Or-valued function on 
'^x/si'^) such that for each F' , 

[p]ap{rx/sda'){F') = F'*{~a')-F*{~a'). 

Furthermore Gtn crp is the identity. 



In particular we have a fundamental exact sequence: [f] 



□ 



O^Ox^ £x/s F*x,s^x'/s 0, (1.4.1) 

where 

A section F of Cx/s determines as above a homomorphism ap which induces 
a splitting (not compatible with the connections) of this sequence, and in 
fact the set of splittings is bijective with the set of sections. 

Since vr^: Cx/s is an F^/gTx'/s-'^OYsoY over X, there is a natural identi- 
fication ^]^^x — '^c^x/s^x'/s- '^^^ following result is the key to our theory; 
it shows that the p-curvature of the connection on Ax/s is very rich. 

Proposition 1.5 The action described in part (1) of Proposition \1.4\ of 
Fx/gTx'/s ^ ^Fx/sTx'/s on Ax/s is the same as the action given by the 
p-curvature ip of the connection V on Ax/s- That is, the diagram 

•^x/s " ^x/s ® Fx/s^x'/s 



d 1 
'^c*Oc ^ 'Kc*^i^ix, 

where d is the usual exterior derivative and ip is the p-curvature of the con- 
nection on Ax/s, is commutative. 



^The first explicit construction of this sequence was given in [36j . 
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This formula can be proved by explicit calculation (see Remark 11.111 be- 
low). We prefer to give here a conceptual proof based on a geometric con- 
struction of the p-curvature due to Mochizuki and communicated to us by 
Brian Osserman; see |29]. This construction begins with the following crys- 
talline interpretation of -^x/s^x'/s- 

Proposition 1.6 Let X/S be a smooth morphism of schemes in character- 
istic p, let X(l) := X Xs X, and let (-D(l), /, 7) denote the divided power 
envelope of the ideal I of the diagonal immersion X — >■ X[l). Then there is 
a unique and functorial isomorphism 

such that, for every local section a of Ox, 

dp{a) := Ud^*i(^)) = ((1 ® a) - (a ® 1))'^' (mod 7^''^'' + /Cd(i)). 

Proof: For each section a of Ox, let ^(a) := 1 (8) a — a ® 1 G IOd{i) ^ I- 

Note that ^{a) annihilates //(/''^^^^ + IOd{i)), and hence that the actions of 

(a (S> 1) and of (1 ® a) on // (/'''^^^ -)- IOd{i)) are the same. Thus this quotient 
can be viewed as a sheaf of Ox-niodules. If h is another section of Ox, then 

P-i 

i=l 

= a^'^+m^'^ {modioli)). 

Furthermore, ^{ab) = (1 (8> 0')C,{b) + (6 (S> l)^(a), so a similar calculation show 
that 

e(a6)W = aP^{b)^P^ + If^{a)^P^ (mod IOd(i)). 
Finally, if a is a local section of f~^{Os), ^(a) = 0. These properties imply 
that dp is a derivation Ox — > Fx* ^J/(j'^^^' + IOD{i))j, and hence that dp 
factors through an Ox-linear ^p as claimed. To see that ^p is an isomorphism, 
we may work with the aid of a system of local coordinates ti, . . .tm for X/S. 
Let := ^{ti), so that, using multi-index notation, {^^^^ : / G N™} forms a 

basis for huOoii)- Note that I C j'^' + IOd{i) and that ^^^^ G IOd{i) if any 

Ij < p. It follows that 7/(7^"^^' + /Od(i)) is freely generated by , . . . , 
and hence that ^p is an isomorphism. □ 
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Proposition 1.7 (Mochizuki) Let E be a crystal of Ox-modules on X/S, 
Let hi and h2 he the canonical maps D{1) — > X, and let e: /ig-E' h\E be 
the canonical isomorphism. Then the p-curvature ip of E identifies, via the 
isomorphism of Proposition 11.61 with the map sending each local section 

e of Ex to the class of e{h*{e)) - hl{e) in //(j'"'^^' + ® E. 

Proof: We verify this formula witli tlie aid of a system of local coordinates 
(ti, . . .tm), using the notation above. Then if Di := d/dti, 

I 

note that = 0. Thus, modulo j'^^^' + IOd{i), e{h*{e)) - /i*(e)) reduces 
to 

i i 

□ 

Remark 1.8 Let h: X ^ Y he a morphism of smooth S-schemes, let E G 
MIC(Y/S) be a module with an integrable connection, and let ipy '■ E 
E ®Oy ^y/s^y' /s p-curvature. Then the p-curvature of h*E is the 

composition: 

h*E'^h*E F*^/sh'*^Y'/s'^h*E F*^js^x'/s- 

This follows immediately from Proposition II. it was first proved years ago 
by O. Gabber, using an indirect method. 

Proof of Proposition I j.5l Let F : X — X' be a local lift of Fx/s- Let (D, J, 7) 
denote the PD-envelope of the diagonal ideal J of X{1), let (D,J, 7) de- 
note its reduction modulo p, and denote again by F the induced maps 
X(l) — s> X'(l) and -D(l) — ^ Since J is fiat over S", multiplication 

by p induces an inject ive map 

[p]:l/IOnm^l/pJOf,^,y 

Since J/j'^^^' is fiat over S*, (pJC^^^-, + j'^^^^) flpO^j-]^^ = p( JO^^^^ + 
so multiplication by p induces an injective map 

[p] : 7/(/0,,(i) + 7'"^'') - 7/(pJOz){i) + 7^'^") 
If a is a local section of Ox, we let ^(a) := 1® a — a ® 1. 
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Claim 1.9 Let F : X ^ X' be a local lift of Frobenius, let a be a local 
section of Ox, let a' := it* (a), and let a' be a local lift of a' to Oj^,. Then 

= -[p]dp{a) (mod pJOfy^^^-^ + j'^^^') 

Proof: We may prove this claim with the aid of a local lifting a of a. Then 
F*{a') = d'P + pb for some section b of O-^. Since p^{b) G pJOj^^^^, 

^(F*(a )) = l®aP-a''®l (mod pJO^^^^^^). 

Now 1 ® a = a ® \ + ^{a), so 

1®W = ~aP ®l+pC + {i{a)Y, 

where pC = ECi ^ pJOf^^-^y Since (^(S))p = p!(e(S))W and 

(p — 1)! = —1 (mod p), this proves the claim. □ 



Let ap be the splitting associated with F described in Proposition ll.4[ 
and let a := ap{d7!-*{a)) G Ax/s- Then ip{a) G Ax/s ® -^x/5^x'/5' 
by the p-curvature formula of Proposition II. 7[ (id ® ^p)V'(«) is the class of 

^2(«)-^i(«) in Ax/s ® (I / IOd{i) +1^''^^^). If F' : D{1) ^ X' is any section 
of Cx/siD{l)) andFi := F ohi, 

[p](id®e,)^(a)(F') = [p]hl{a){F') - [p]hl{a{F')) 

= [p]ap^{F*x/sda'){F') - [p]a p^{F*x,sda'){F') 

= (F'*(a') - F;(a')) - [F'*{d') - Fl{a')) 

= hlF*{h')-hlF\h') 

= -aF*{d')) 

= [p]{dpa) 
= [p]^p{dTc*a) 

Since [p] is injective, it follows that ip{a) = diT{a). This proves the formula 
for elements of the form a = ap{da'). The general case follows from the 
fact that both ijj and the action described in Proposition 11.41 1 annihilate not 
Ox ^ Ax/s and both are compatible with the algebra structure. □ good 
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It is helpful to have at our disposal an explicit formula for the connection 
on Ax/s- Recall from [THj that the inverse Cartier isomorphism C^^j^ is a 
canonical Ox'-linear map: 

'^x)s- ^x'/s T^\Fx/s*^x/s)'^ (1.9.1) 

if z = 1 and a is a local section of Ox, then C]^^^g{dTi^^g{a)) is the cohomology 
class of aF~^da. Let ^^/s denote the sheaf of closed i-forms on X/S. Then 
the Cartier operator is the composite 

Cx/s'- Fx/s*Zx/s 'H\Fx/s*^x/s) ~^ ^x'/s 

where the first map is the natural projection and the second is the inverse of 
C^^^. Since ^^^'/s locally free, locally on X there exists a section of Cx/s 
(in degree one), giving rise to a commutative diagram: 



Fx/s*^x/s 




(1.9.2) 



^ {F'x/s*^x/s) 



Mazur's formula [20] shows that a lifting F of the relative Frobenius 
morphism Fx/s'- X ^ X' determines such a splitting (. Suppose that 
F: X — i> X' is a lifting of Fx/s niodulo p^. Since 

dF: fi^,/^ Fx/s*^)i/s 
is divisible by p, there is a unique map (p making the following diagram 
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commute: 



[P] 



:i.9.3) 



Then is a splitting of the inverse Cartier operator in the sense of diagram 
fll.9.21) . Let us recall the proof. Let a he lift of a_ section a of Ox and let d' 
be a lift of 7i*a. Then F*{d') = aF + ph for some h G Oj^. Hence 

[p]C^(rf7r*a) = dF*(a) = \py-^da + [p\db, 

where h is the image of h in Ox- Then (p{d7!'*a) = aP~^da + dh is closed, and 
its image in Ti}[Fx/s*^'x/s) class of a^~^da, as required. 

Proposition 1.10 Let X /S be as above and let U be a lift of some open 
subset ofX, let F be an element of Cx/siP), and let be the corresponding 
splitting of Sx/s,u described in Proposition \1.4\ Then for any local section 

Uj' of ^x'/S' 

where V is the connection 111.4.1]] on Sx/s- 

Proof: Since both sides are linear over Ox', it suffices to prove the formula 
if u' = da', where a' is a section of Ox'- Let T be the first infinitesimal 
neighborhood of [/ in [/ x ^ [/ with its two natural projection hi: T ^ U, 
and let T be the reduction of T modulo p, so that Ot = Ou © ^u/s- '^^^ 
crystal structure on £x/s gives us isomorphisms 

h*2£-x/s,u " £-x/s,T hlSx/s,u 

reducing to the identity modulo the ideal ^Ij/s of Or- Using the resulting 
identifications, 

V{ap{da')) := /i;((T^(Fi/sda'))-/it(a^(F^/srfa')) ^ Ax/s,u®^x/s ^ Ax/s,t- 
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Let us evaluate this section on an arbitrary section F' : T ^ X' of Cx/s{T)- 
Let Fi := F o hi & Cx/s{T). If a' is a lift of a', then by Proposition ll.4[ 

\p]V{ap{F*^/sda')){F') = [pn{ap{F*^/sda')){F') - [p]hl{ap{F*^/sda')){F') 

= Wf, (Fx/sda') in - [p]a^^ {F*^,sdc^) {F') 
= - F;{~a')) - [F'*{~a') - F*{~a')) 

= h\F\h')-hlF*{h') 
= -dF*{a') 
= -IpKAda') 

□ 

Remark 1.11 Somewhat more generally, let ^ be a section of C^y^ as in 
flLO) . and let 

{£oV) ■.= Ox®F*^/s^]c'/s. 
where V : ^ ® ^x/s 

{f,g®uj') ^ {df - g®C{uj'),J <^dg). 

Then V is an integrable connection on and one can simply compute that 
its p-curvature is the map 

i): 8^-^ Si^<^ F*xis^x'/s (/, 9<^^')^ {g, 0) ® uj'. 

(See for example [251 2.10].) If F is a lift of Frobenius, then ap provides a 
splitting of the fundamental exact sequence fll.4.ip and hence an isomorphism 
Sx/s — £(, inducing the identity maps on Ox and -^x/5^x'/s- '^^^ formula of 
Proposition II. lOl shows that this morphism is horizontal, and hence provides 
another proof of Proposition 11.51 

1.2 Functoriality 

The geometric construction of Cx/s "we have given makes it quite straight- 
forward to check its functoriality. Note first that a morphism h: X oi 
smooth S'-schemes induces a morphism of schemes h' : X' -^Y' ^ & morphism 
of Ox'-modules Tx'/s h*TY'/s, and hence a morphism of crystals of vector 
bundles: 

T/i' : Fx/sT^x'/s — > ^*-^y/5'Ty'/5- 
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Proposition 1.12 Let h: X ^ Y be a morphisin of smooth S-schemes and 
let h' be a lift of h' . Then the pair h := {h,h') induces a morphisni of crystals 
of torsors: ^ 

compatible with the actions of F^^gTx' /s and /i*Fy^^Ty/ /s via the morphism 
Th'. This induces an isomorphism of crystals of h*Fy^gTY'/s-torsors, 

h*FY/sTY'/S XFj^/gTjf,/g Cx/s — ^ h*Cy/s, 

a horizontal morphism of filtered Ox-cilgebras: 



and a horizontal isomorphism of h* Fy i .Tyi j s-algebras 

h*Ay/s nomp.^^^p_^^^^^{h*F;./sT.TY'/s,Ax/s) 

Proof: Recall from [3, 6.5] and [3j, 5.11] that if ii^ is a crystal on Y/S, then 
h*E is the unique sheaf such that for each morphism g: Ti T2 from an 
object in Cris{X/S) to an object in CrisiY/S), {h*E)T, = g*{ET^). Now if 
T is an object of Crisf{X/S), h' o frp^^ is a map T Y', and the set Ch,T of 
its liftings T ^ is a torsor under f^^gh'*TYi/s- We claim first of all that 
T I— >■ f^^gh'*TY'/s can be identified with h*FY/gTY'/s ^^^^ that T 1— > Ch^T 
can be identified with h*Cy/s- Indeed, if ^f: Ti — >• T2 is as above, then 

{h*FY/sTY'/s)Ti = 9*{{Fy/s'^y'/s)t2) = 9*fT2/sFY/S = fTih'*TY/S, 

proving the first part of the claim. Suppose further that Ti G Crisf{X/ S), 
T2 G CriSfiY/ S), and g: Ti T2 is a PD-morphism, compatible with 
h and let g: Ti T2 he its reduction modulo p. If F is a local section 
of Cy/s^T2y then F o g: Ti y is a lift of /t2 ° fi' = h' o fx^^/s, and the 
sheaf of such lifts forms a (7*/,^2y^Ty//5-torsor. Thus F \—>- F o g defines 
an isomorphism of torsors from tyis,T2 ^T2 Ti to the torsor of such liftings, 
proving the second part of the claim. Now if Fi : Ti — > X' is a local section 
of Cx/s,Ti, then h' o Fi is such a lifting. Thus composition with h' defines 
a morphism Cx/s,Ti 9*^^y/s,T2^ which is evidently compatible with the 
torsor actions. □ 
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Corollary 1.13 Let h: X ^ Y is a inorphism of smooth S -schemes. Then 
a hft h': X' — Y' of h' induces an exact sequence 



h*S 



y/s 



x/s 



^X/S^'x' /Y' 



0. 



If h is smooth, this sequence is short exact (and locally split). 



□ 



1.3 Further remarks 

If Fs lifts to S and X/S lifts X/S, then X' ■.= Xxf^S lifts X'. In this case 
there is a lifting vr': X' — > X of vr: X' — ^ X, and the following proposition 
applies. 

Proposition 1.14 Suppose that n: X' ^ X lifts n: X ^ X' . Then for 
each section a of Oj^, there is a unique section 5^-(a) of S^/s ^ -^x/s such 
that for every lifting F: U ^ X' of Fx/s over some open subset U of X, 



[p]S^Ca)iF)=F*ri~a) 



on U . Furthermore 



1. The following diagram commutes: 

[p] 



O 



X 



O 



Fx 



X 



Si; 



o 



X 



don* 



X/S 



Fx/S^X'/S^ 



X/S^^X'/Si 

where the bottom row is the fundamental extension M.4.1\l . 

2. The set of all 5i,{a) for a E Oj^ generates £x/s as an Ox-n2odule. 

3. IfF-.X^X' is a lift ofF, 

6^{d) =5i{d){F) + (jp{F*xda), 
where ap is the splitting defined in Proposition \1.4\ 
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4. For every local section a of lifting some a G Ox, 

^P6i{a) = 1 (g) F*x{da) e Ax/s ® F*x/s^x'/s- 

5. If a and b are sections of Ox reducing to sections a and b of Ox- 

5i{a + b) = 6i{d) + 5^(6) + 



0<i<p ' 

Proof: First of all, note that vr o Fx/s = Fx, which takes any section a of 
Ox to a^. Hence if F is a lift of Fx/s ^^id a is a lift of a, F*n*{d) — dP is 
divisible by p. Thus the formula defining 5^ as a function Cx/siP) Ox 

\/s. 



makes sense. Now if F' is another lift of F 



\p%{d){F') = F'*n*{d)-dP 

= F*r{d)-ap + F'*r{d)-F*r{d) 

= [pMd){F) + [p]a^{F*x{da){F'), 

by Proposition 11.41 This proves that, as functions on Cx/s{U), 

Sn{d) = S^{d){F) + ap{F*xda). 

This proves that 5^ is well defined and satisfies (3). If a = [p\b for some 
b e Ox, then d^ = 0, and [p\6i{d){F) = F*x/sT^ {pb) = [p^. This proves 
the commutativity of the first square in the diagram, and shows that the 
sub-Cx-module of Sx/s generated by the image of contains Ox- We have 
already proved (3), which implies the commutativity of the second square 
and the fact the set of images of all the 6jt{d)'s generates Sx/s- To prove (4), 
we may assume that a lifting F of Fx/s exists. Then by (3), 

V6^{d) = V[pMd){F) + VapF;,{da) 
= [p]d6^id)iF)-[p]Cpidn*ia)) 

= d([p]6^{d){F)~{Fony{d 

= -ddP 
= —[p]a^~^da 
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This proves the first equation in fll.l4[ 4). The second follows from the formula 
for the p-curvature ip in Proposition ll.5j see also Remark 11.111 

The proofs of the formulas of (11. 141 5) are straightforward calculations 
which we leave to the reader. □ 

Remark 1.15 We have seen that if -F^ : S S lifts Fs and X' = X Xp.S, 
then the projection X' ^ X is a. natural global choice of a lifting vr as above. 
If X' is some other lifting of X', then such a lift vf will exist locally on 
X. However in general there may be no lift of Fs even locally on S, and 
consequently there may be no lift tt even locally on X. However, ii a & Oj^ 
is a local lift of a G Ox, then we can choose a local lift a' e Ox' of 7r*(a). 
Then the analogs of the formulas in Proposition 11.141 hold with a' in place of 
5i{a). 

Let us describe another construction of the fundamental exact sequence 
(ITXTl) . For each T e Cris{X/S), let P be the graph of /t/^: T X', and 
for each lifting F: T ^ X' of /t/^ let P be the graph of F. Let Jf be the 
ideal of the of the immersion 

j: T XsX' XgX'. (1.15.1) 

A morphism g: Ti T2 in Crisf{X/T) induces a corresponding morphism 
of conormal sheaves: g*Jf^/J^^ Jf^/ J^^, and so the family {Jf/J^ : T € 

Crisf{X/T)} forms a sheaf on Crisf{X/S). If F: T ^ X' is a lifting of fx/s 
and c is a section of J, P*(a) vanishes on T, and hence is divisible by p. 

Proposition 1.16 For each T G Crisf{X/S), there is a unique morphism 

(3: Jfl J J, — >■ £-x/s,f c ^ (3c 

such that for every local lift F of fr/s and every section c of Jf, 

[p]P,{F) = P>(g) e Of. 

In fact, (3 defines an isomorphism of crystals of Ox/s-^odules and fits into 
a commutative diagram: 

^ Ot ^ Jf/Jf I/P 

<- Ot ^ ^x/s,f " fr/s^x'/s ^ 0' 
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where I is the ideal of T: T C T x X' and the bottom row is the exact 
sequence (\1.4.1\] . 

Proof: Suppose for example that d' is a local section of Ox, and that b is 
a local section of Of such that f^/si^') ~ inc*{h). Then c:= l®h — a®l 
is a section of J, and J is locally generated by such elements. If F is any 
local lift of /t/5, [p]l3c{F) = F*(b) - d. If ^' is a local section of f^/gTx'/s 
and F' = ^' + F', then = (3c{F) + {C, da'). This shows that (3c defines 

a section of Sx/s,t- It is clear that /?c depends only on the class of c mod J^, 
and so c ^— /?c defines a map J/ ^x/s,t- 

Since the global definition of (3 has been given, it is enough to prove that 
it is an isomorphism locally, and we may assume that a lifting F of Jt/s 
exists. By definition I := J/{p) is the ideal of V. Then I /P = fx/s^x'/s^ 
and the image of ap{da) in I/P is the class of 

1 ® a' - /^/5(a') ® 1 = (/t/5 X id)*(l ® a' - a' ® 1), 

which corresponds to f^^g{da') in /-f/s^x'/s- 

Next we verify the exactness of the top row of the diagram. This is formal, 
except for the injectivity of the map [p]. To see this, let Z := T X', and 
let Z be its reduction modulo p. Thus J is the ideal of T in Z, and J/ (p) is 
the ideal / of T in Z. Multiplication by p defines a map O^ —>■ J —>■ J/J"^ 
which factors through Ot and whose cokernel is I/P = f^^gQ^'/s- This 
gives rise to the exact sequence 

Ot ^x/s,f " fr/s^x/s ~^ 0- 

To prove that [p] is injective, we may work locally, and in particular we may 
assume that there exists a lifting F: T — > X' of fr/s- Let J C O^ be the 
ideal of the graph of F. Then O^/J = Of, which is flat over S. Therefore 

Tor,{Oz/J,Oz/pO^)=0, 

i.e., pO^ n J = pJ. Furthermore, J = pO^ + J and p"^ = 0, so 

pj c pOz n = pOz n {pJ + c pOz n P c pOz nj = pj = pj 

It follows that pOz n J"^ = pJ = pJ and hence that the map Ot J/J"^ 
induced by multiplication by p is injective. 

Furthermore, if F exists, the ideal J is locally generated by sections of 
the form c = d®h, where a is a local section section of Of and 6 is a local 
section of Ox' such that F*{h) = d. □ 



27 



Remark 1.17 The isomorphism class of the extension of connections in 
fll.4.11) is an element of Ext\jj(j{F^igQ}-^, i^^Ox), and there is a spectral 
sequence with 

E^' = W{X,Sxt\n],,/s, Ox)) = H\X',Tx'/s ® ^^,/s)- 
In particular, there is an exact sequence 

^ H\X', Tx'/s) - Ext\j,c{F*n],,/s. Ox) ^ H\X' , Tx'/s ® ^x'/s)- 

The extension fll.4.11) has the property that its image in H^{X', Tx' /s'^^xi/s) 
is the identity, and the above exact sequence shows that the set of extension 
classes with this property is a (pseudo)-torsor under H^{X' ,Tx'/s)- Note 
that the same is true of the set of isomorphism classes of liftings of X'/S. 
We shall investigate this further in section 14. 2[ 

It is perhaps worthwhile to elucidate the relationship between the funda- 
mental extension fll.l.ip and some more familiar exact sequences. Since the 
relative Frobenius morphism Fx/s'- X — X' is a homeomorphism, fll.4.11) 
remains exact when pushed forward by Fx/s- Pulling the resulting sequence 
back by means of the canonical map i^^'/s ~^ Fx/s*Fx/s(^x'/s)^ S^^^ 
an exact sequence 

FxMOx) - £'^/s ^ ^x'/s - (1.17.1) 

of locally free sheaves on X'. Each local section e' of S'^^^ maps to a horizon- 
tal section of F^/s^x' /s^ hence V(e') lies in — ^x/s®^x'/s- 
Since V is integrable, in fact V(e') G Z^i/s- Thus, the connection V on Sx/s 
induces an Ox'-hnear map S'^^^ Fx/s*Zx/s^ which fits into the commu- 
tative diagram below: 
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Fx/s*Ox ^ £x/s Fx/s*Fx/s*^x'/s " 

ft f 

= inc 
Fx/s*Ox S'x/s 



(-1 

x/s 

" Fx/s*Bx/s Fx/s*Zx/s — " Fx/s*'^\,r{X/ S) ► 

(1.17.2) 

Here the middle row is the puUback of the top row along inc and the 
familiar bottom row is the pushout of the middle row along d: Fx/s*{C>x) 
Fx/s*Bx/s- Recall that the bottom row is rarely split. Indeed, a splitting 
would induce an injective map ^x,/g — ^ Fx/s*Zx/g Fx/s*^x/s 
particular a nonzero map -^x/s^x'/s ~^ ^x/s- example, no such map 
can exist on a complete curve of genus at least two over a field. 

Note that there is also an exact sequence 

O^Ox'^ Fx/s*Ox ^ Fx/s*Bx/s ^ (1.17.3) 
When pulled back to X this sequence is split by the natural map 

Fx/sFx/s*Ox Ox- 

Thus F*^/sFx/s*{Ox) = Ox® F*^^gF,{Bx/s)- Furthermore, ffTXT]) is the 
pushout by s of of the puUback by F^i^ of fll.l7.ip along s. Warning: the 
map s is not compatible with the natural connections on the source and 
target. An ^-scheme X/S for which sequence fl 1.17.31) splits is called F- 
split [T6] . 
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2 Connections, Higgs fields, and the Cartier 
transform 



2.1 Dx/s as an Azumaya algebra 

Let X/ S be a smooth morphism of schemes in characteristic p > 0. Let ^^jg 
be its sheaf of Kahler differentials, let Tx/s be its dual, and let Dx/s denote 
the ring of PD-differential operators of X/ S [3, §2]. A section D of Tx/s can 
be viewed as a derivation of Ox relative to S and hence as a PD-differential 
operator of order less than or equal to 1, and Dx/s is generated as a sheaf 
of rings over Ox by Tx/s- If -E is a sheaf of Ox-modules, then to give an 
integrable connection V : E ^ E ® same as to give an extension 

of the action of Ox on E to an action of Dx/s [2l 4.8], which we continue 
to denote by V. The pth iterate D^^-* of a derivation is again a derivation, 
hence a section of Tx/s and an operator of order less than or equal to 1. This 
is in general not the same as the pth power D^ of D, which is an operator of 
order less than or equal to p, even though D'^'p^ and D^ have the same effect 
on sections of Ox- For each derivation D, let 

c{D) := D^ - D^''\ (2.0.4) 

One can show either by calculating in local coordinates |1] or by means 
of techniques from noncommutative algebra [IB], that c is an F^-linear map 
from Tx/s to the center Zx/s of Dx/s- By adjunction, one deduces from c 
an Ox' /s-hnear map 

c':Tx'/s^Fx/s*2x/s - D' ^ c' {D') := {I ® D'f - [l ® D'^^^ (2.0.5) 

Let V be an integrable connection on E and ip: E ^ E ® Px/s^\' /s b® 
its p-curvature. It follows from the definitions that for every local section D' 
of Tx'/s-i V'd' is the endomorphism of E induced by the differential operator 
c'{D'). This mapping satisfies the linearity and integrability conditions of a 
Higgs field with -^^/s^x'/s place of f^^/^- We refer to such a map as an 
F -Higgs field on E, and we denote by 

^: MIC{X/S) F-HIG{X/S) 

the functor taking {E, V) to {E,ip). 
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Since d maps to the center of Fx/s*Dx/Si it extends to a map from 
the symmetric algebra S'Tx'/s to 2x/s, and in particular makes Fx/s*Dx/s 
into a sheaf of S''Tx'/s-modules. Let T^^ijs '■= Specj^^ S'Tx'/s be the cotan- 
gent bundle of X'/S. Since Fx/s*Dx/s is quasi-coherent as a sheaf of Ox'- 
modules, it defines a quasi-coherent sheaf Vx/s on T^,^^. 

Recall that an Azumaya algebra over a scheme y is a sheaf of associa- 
tive algebras A such that locally for the fppf topology, A is isomorphic to 
Endc>y((9y). More generally, if F is a topological space, i? is a sheaf of 
commutative rings on Y, and A is a sheaf of associative i?-algebras which is 
locally free and finite rank as an i?-module, we say that A is an Azumaya 
algebra over R if the canonical map A A°^ —>■ EndR{A) is an isomorphism. 
One can show that if F is a scheme and R = Oy, then these definitions 
agree. (See Chapter 4 of [22] for a quick review.) 

Our starting point in this section is the following theorem of which 
asserts that Vx/s is an Azumaya algebra on T^,^^. 

Theorem 2.1 Let X/ S be a smooth S -scheme of relative dimension d. Then 
the map Ii2.0.5\) induces an isomorphism: 

S Tx'/s " Fx/s*2^x/s- 

This morphism makes Fx/s*F>x/s Azumaya algebra over S'Tx'/s of rank 
p^'^. The corresponding sheaf Vx/s of Ot^, ^-algebras on T^,^^^ is canonically 
split (isomorphic to a matrix algebra) when pulled back via the map ttt in 
the diagram below: 




(2.1.1) 



Proof: We recall here only the main idea of the proof, referring to [4j for 
the details. Let Mx/s '■= Fx/s*Dx/s which we can view as a module over 
, = Fx/s*Zx/s®Oxi Fx/s*Ox via right multiplication and the inclusion 
Ox —>■ F)x/s as well as a left module over itself. These left and right actions 
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agree on the center Zx/s-, and hence they define a homomorphism of sheaves 
of rings 

Fx/S*Dx/S ®5-T^,/5 ^T'^/s ^ ^T^do^'^^^{Mx/s), 
which one can check is an isomorphism in local coordinates. □ 

Observe that if dim X/S > 0, then Vx/s is not split locally in the Zariski 
topology of Tx'/s- suffices to check this when 5* is the spectrum of a field 
and X is affine. Then T{X, Dx/s) has no zero divisors, because its associated 
graded sheaf with respect to the filtration by order is canonically isomorphic 
to the symmetric algebra S'Tx/s- Since T*x'/s is integral and Vx/s is locally 
free as an (9t* -module, it also has no zero divisors and hence is not split. 

Remark 2.2 The power of Theorem 12. II can be seen from its application to 
Cartier descent |[18j. Consider the action of Dx/s on Ox- Since and D'-^-' 
agree on Ox, this action kills the ideal S^Tx^/s of S'Tx'/s- Thus Fx/s*{Ox) 
can be viewed as a sheaf of i*Vx/s modules, where i: X' ^ '^*x'/s ^^e 
zero section. Since i*Vx/s is an Azumaya algebra over X' of rank p^*^ and 
Fx/s*{Ox) has rank p'^, this shows that i*Vx/s is split, and that tensoring 
with the splitting module Fx/s*{Ox) induces an equivalence between the 
category of Ox'-modules and the category of Dx/5-niodules for which the 
action of S^Tx'/s is zero. This is just the category of Cx-modules endowed 
with an integrable connection whose p-curvature is zero. 

Let T>{^ig be the commutative subalgebra of Vx/s generated by the left 
inclusion Ox Vx/s and its center. Then Fx/s*V^x/s defines a quasi- 
coherent sheaf of algebras V^x/s "-"^ '^x'/s- ■'^^ fact, it is easy to check 
that the natural map F^i^S'Txi /s ~^ ^x/s is an isomorphism, so that 
Specrp* "P^/^ = T'x/s (see diagram (I2.1.ip ). In particular, a sheaf M 
of Z^x/s-modules which is quasi-coherent over X can be viewed as a quasi- 
coherent sheaf of Ot'* -modules. 

^x/s 

Proposition 2.3 Let f : Z '^*x'/s ^ morphism and suppose L is a 
splitting module for f*Vx/s- Then L, viewed as a sheaf of Oxx^'Z-^odules, 
is locally free of rank one. 

Proof: First let us prove this when f = ttt and L = Mx/s- Our claim is 
that Mx/s '■= Vx/s is locally free of rank one over ti^V^j^,^ = Ox®S'Txi/s® 
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Ox, where the first Ox acts by multiphcation on the left and the second on 
the right and the tensor products are taken over Ox'- We may assume that we 
have a system of local coordinates (ti, . . . , td) for X/ S, with a corresponding 
set of generators Di for Dx/s- Then the product D\~^ ■ ■ ■ D^'^^ generates 
Mx/s as a module over vr^P^y^, as one sees from the fact that [Di.tj] = 6ij. 
This generator defines a surjective map n^V^-^^g — > Mx/s, and since the 
source and target of this map are locally free Ox'-niodules of the same rank, 
it is an isomorphism. 

To deduce the general statement, note that it is enough to prove the claim 
about L after a faithfully fiat cover, and in particular after a base extension 
induced by tit- Thus we can replace Z hy Z Xt^,^^ '^'x/s — Z Xx' X . The 
pullback of Mx/s to this space has the desired property, and L is necessarily 
locally isomorphic to Mx/s- This concludes the proof. □ 

Let us recall that the category of left Dx/5-niodules is equipped with a 
tensor structure. In section 15.51 we will discuss this structure from the point 
of view of Azumaya algebras. 



2.2 An etale splitting of Dx/s 

The proof of Theorem 12.11 gives an explicit fiat covering of T^,^^ which splits 
T>x/s- It follows from the general theory of Azumaya algebras that there 
exist Stale coverings over which it is split. In this section we will give an 
explicit construction of such a covering, which in fact is a surjective etale 
endomorphism of the group scheme T^^,^^. 

The construction of the splitting depends on a choice C of a splitting of 
the Cartier operator Cx/s, as exhibited in diagram 11.9.21 In order to express 
the formulas we shall encounter geometrically, we introduce the following 
notation. The map C induces by adjunction a map -^x/s^x'/s ~^ 
whose dual is a map : Tx/s ^x/s'^^'/s- Pulling back by nx/s, we find 
an Ox'-linear map 0': Tx'/s F'^iTx'/s- We let hc_ be the composite of the 
map of vector bundles induced by 0' with the relative Frobenius map for the 
X'-scheme T^, ,e, as displayed in the diagram below. 
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(2.3.1) 



This morphism is a homomorphism of affine group schemes over X', but 
it is not compatible with the vector bundle structures. We shall see that 

:= — id is surjective and etale and that the Azumaya algebra T>x/s 
splits when pulled back via a^. 

Recall from Remark 1 1 . 1 1 1 that associated to a splitting ( there is an object 
(^f, V) of MIC{X/S), where £^ = Ox ® FJ/^l^^,/^. The connection V on 

induces a connection on each S"'S(^, compatibly with the inclusion maps 
S'"£^^ S^-^^Sf^ induced by the map Ox £(^, and hence also on the direct 
limit Ac_ := \im.S^£(^. The splitting a: — > Ox defines an isomorphism 

of Ox-algebras Ac^ = F^^gS'fl]^,^^ and the submodule F^/s^x'/s generates 
an ideal of A(, which we can identify with S~^F^^gQ^i^g. By [H| 6.2], 

the completed PD-envelope AJ^ of this ideal has a natural structure of a 
crystal of Ox/5-modules, so the connection V on A( extends canonically 
to a connection on Aj. Furthermore, if a is a local section of then 

V^aW = a["-ilVc(a), and maps 1^ to /[""^^ O n]^^^. The algebra A^ = 
also has a canonical F-Higgs field 6: if ^ is a local section of 

Tx'/s and u a local section of f^^'/S' %(^') ~ ('C)^); and the action of 6^ 
on the higher symmetric powers is determined by the Leibnitz rule. In fact, 
as we saw in Remark 11.111 this F-Higgs field is also the the p-curvature of 
the connection Af^ = S' F^^gfl]^,^^. This field extends to the divided power 

envelope A]- and its completion A'^: the pairing 

S^Fx/sTx'/S ® ^n+mFx/s^X' /S ~^ ^mFx/s^X' /s (2.3.2) 

comes from the multiplication on the symmetric algebra and the duality 
between the symmetric and divided power algebras explained for example 
in [3^ AlO]. In particular, if x G Tx'/s and u G ^^'/S' '^^^ ^^^^ 

clear 

= {^,uj)J''^^ and hence ^pJ^ = {^,ujyJ'-Pl (2.3.3) enough? 
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Let 

:= \minomo^{Ayf"\ Ox), 

be the topological dual of AJ, equipped with the dual connection and F-Higgs 
field flHXT]) . Thus = ®S''F*^jgTx> /s as an Ox-module. Because of the 
sign in the definition of the dual Higgs field, a section of ^ of Tx'/s acts on 
as multiplication by — ^. The FJy^S''Tx'/5-structure of i?^ corresponding 

to this field identifies it with L^:F^^gS'Tx'/s, where l: T*x>/s ~^ '^*x'/s 
involution t — > — t of the vector group Tx'/s- Note that V is compatible with 
the algebra structure of A,^ and with the divided power algebra structure of 
AJ. It is not, however, compatible with the algebra structure of S^, but 
rather with its coalgebra structure. 

Remark 2.4 If ( comes from a lifting F of Fx/s as in fll.Q.ip . we can give 
a geometric interpretation of the construction of as follows. Let {Ap,, I) 
be the divided power envelope of the the ideal I of the section of Cx/s 
corresponding to F. Recall from Proposition II. 4l that Ax/s has a connection 
V as well as an action of F^^^S'Tx'/s, the latter via its identification with the 
ring of translation invariant PD-differential operators. Both the connection V 
and the action of F^^^Tx' /s extend naturally to A'p and to its PD-completion 

Ap. Then AJ can be identified with the Ap and with its topological dual. 
It is clear from the definitions that these identifications are compatible with 
the FJ/^S'Tx'/s-module structure, and Proposition IL 101 shows that they are 
also compatible with the connections. 

Proposition 2.5 Let X/S be a smooth morphism of schemes in character- 
istic p > with a sphtting ( of C^^^, and let /i^ and B^ := F^^gS'Tx'/s with 
the connection described above. 

1. The map: 

is a surjective etale morphism of affine group schemes over X' . 

2. The action of an element ^' of S'Tx' /s on defined by its p-curvature 
is multiphcation by 

Proof: We have already observed that /i^ is a morphism of group schemes, 
and consequently so is a^. Since factors through the relative Frobenius 
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map, its differential vanishes, and it follows that is etale. Then the images 
under o;^ of the geometric fibers of T^/X' are open subgroups of the fibers of 
T*^i Igl X' . Hence the image of each fiber of T^/X' must contain the entire 
corresponding fiber of T^^^/X', and so is surjective. Thus a^^ is an etale 
covering (but not necessarily an etale cover, since it need not be a finite 
morphism) . 

We must next compute the p-curvature of the divided power envelope 
JCj^ = T.F^^gQ^j^i^g of A(;. Let uj' be a local section of Q]^,^^, so that x := 
(0, 1 ^uj') belongs to the divided power ideal of A^. Let D be a local section 
of Tx/s and let ^' := Tr^y^D G Tx'/s- Then 4>{D) G F^^gTx'/s, and we shall 
need the following formula. 

Claim 2.6 = F*/^/^^ (</.'((')) e S' F;,^sTx'/s. 

To check this, let T* := Spec^/ S'Tx'/s and let T* denote its puUback to X 

via the map Fx/s, i-e., T* = Spec^ F^^gS'Tx'/s- Then there is a commuta- check 

tive diagram: diagram 



pr 



Ft*/x' 




where the morphism c is the projection 

.- T* xf^, X' ^ 



Let us view 0(-D) as a section of 0^». Then c*(t){D) — (f)'{^'), so 



= F?,/^,pr*(0'(e')) 
= pr*F^./^,(0'(e')) 

Since the map pr in the diagram corresponds to puUback by Fx/s, the claim 
is proved. 
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By the definition of tlie connection on £q C JV^ given in Remark 1 1 . 1 1 1 and 
of the morphism 0, 

Vd{x) = Vd(0,1®cu') = ((^,-C(l®^')),0) 
= -((0(D),1®^'),O) 

The formula [28l 6.1.1] for the p-curvature of divided powers and the 
computation of the p-curvature of (Propositio ril.Sp . then say: 

= {^'x)x^'-^^ -x^'-P\^{D)xf 

Since C Hom^A'^, Ox) as a module with connection, the formula (2) 
for the p-curvature of follows from the formula for the p-curvature of the 
dual of a connection; see for example Lemma 15.271 □ 

We can now show that T>x/s splits when pulled back by a^. Since = 
T^y^, Fx/s*B( can also be viewed as a quasi-coherent sheaf on T^. 

Theorem 2.7 There is a unique action of a^{Vx/s) on Fx/s*^c extending 
the actions of a^^(Vx/s) and of Ot*. The resulting module splits the Azu- 
maya algebra a^(T>x/s)- 

Proof: Proposition (12.51 shows that the actions of S'Tx'/s on Fx/s*^c, de- 
fined on the one hand through the p-curvature homomorphism S'Tx'/s ~^ 
Dx/s and through agree, and hence that the action of Vx/s extends 
canonically to an action of a*(X>x/s- Since = F^^gB'^ and B'^ = S'Tx'/s, 
B(^ is locally free of rank p'^ over T^. Hence it is a splitting module for the 
Azumaya algebra a'^Vx/s- n 

2.3 The Cartier transform 

In this section we explain how a lifting of Fx/s'- X ^ X' or just of X'/S 
modulo determines sphttings of Vx/s on suitable neighborhoods of the 
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zero section of T^,^^^ We then use these sphttings to define characteristic p 
analogs of Simpson's correspondence. 

Let us begin with the global construction. Suppose we are just given a 
lifting X'/S of X'/S; and as before, let X/S denote the pair {X/S,X'/S). 
The sheaf T.Tx'/s has a canonical divided power structure and can be iden- 
tified with the divided power envelope T^,^^ of the zero section of the cotan- 
gent bundle T^y^ of X'/S. Its completion T.Tx'/s with respect to the PD- 

filtration can be viewed as the sheaf of functions on the formal scheme T^,^^. 
The topology on the structure sheaf is defined by the PD-filtration and is 
admissible [14, 7.1.2] but not adic, and its underlying topological space is X'. 
It inherits the structure of a formal group scheme from the group structure of 
'^*x'/S' group law is a PD-morphism. If T*"^ is the closed subscheme 

defined by /'"^""^'^ the group law factors through maps T*'^ x T*"^^ 
for all n,m. We shall denote by HIG'^{X' / S) the category of Ox '-modules 
equipped with a locally PD-nilpotent T^y^-Higgs field. By definition, this is 
the category of sheaves of P.Tx'/s-modules with the property that each local 

section is annihilated by some / . As explained in (15.31) and section 15. 5[ 
the group law on Txi/g defines a tensor structure (convolution) on the cat- 
egory HIG'^{X' / S). If HIG^ denotes the category of Orj.'n-modules, the 
convolution factors through functors 

HlCJ/iyX'/S) X HlC^iX'/S) HIG':/+'^{X' /S). 

If El and E2 are objects of HIG'^{X/ S) and ^ is a local section of Tx'/s, 
then the total PD-Higgs field on the tensor product satisfies 

= ^ ^JJ^l^] (2-7.1) 

i+j=n 

Note that ip^[p] can be nonzero even if Ei and E2 have level less than p. Note 
also that this total PD-Higgs field commutes with the Higgs fields id^ip and 
^&d. If El e HIG'^^X'/S) andEa G i/JG!;(XV^), then 7^omo^(Ei, E2) G 
HIG'^~^^{X/S), with the unique PD-Higgs field satisfying: 

1p^ln]{h) = ^ {-ly'^p^[^] oho Ip^lj]. 

i+j=n 

See section 1575) for a geometric explanation of this formula. More generally, if 
El is locally PD-nilpotent, then Ei = limNkEi, where NkEi is the subsheaf 
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of sections annihilated by / , and if E2 G HIG^{X/S), then 
Homo^iEi, E2) = limHonio^iNkEi, E2) 

has a natural structure of a V.Tx'/s niodule, but it may not be locally PD- 
nilpotent. 

Let -0^/5 denote the tensor product 

^l/S Dx/S ®S-T^,/s 

via the map S'Tx'/s Dx/s induced by the p-curvature mapping c' f l2.0.5p . 
The category MIC^{X/ S) of Dj^^-modules on X is equivalent to the cat- 
egory of sheaves of Ox-modules E equipped with a connection V and a 
horizontal homomorphism 

^: t.{Tx'/s) ^ Fx/s*MoAE,V) 

which extends the Higgs field 

S'Tx'/s Fx/s*£ndoxiE,V) 

given by the p-curvature of V, such that each local section of Fx/s*E is 
locally annihilated by T^Tx'/s for i >> 0. For example, Ox has an obvious 
structure of a D^^^-module. More generally, if {E, V) is a module with 
integrable connection whose p-curvature is nilpotent of level less than p, 
{E, V) can be viewed as an object of MIC'^{X/ S) by letting the pth divided 
power of the ideal T'^Tx' /s act as zero. 

The convolution product on HIG'^{X' / S) allows us to make the category 
MIC'^{X/ S) into a tensor category. If Ei and E2 are objects of MIC^{X/ S) 
and is a local section of Tx'/s, then the total PD-Higgs field on the tensor 
product satisfies equation 12.7.11 Since these endomorphisms are horizontal 
and since this formula agrees with the p-curvature of a tensor product when 
n = 1, it does indeed define an object of M/C;(X/5). If Ei e MIC:^{X/S) 
and El e MJC^(X/5), then Homo^iEi, E2) E MIC^{X/S), with the usual 

connection rule and the action of T.{Tx'/s) defined above. 

In order to keep our sign conventions consistent with other construction^, 
we have found it convenient to introduce a twist. Let l: T*x'/s ~^ '^*x'/s 

^See for example Remark 12.151 below. 
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the inverse operation in the group law. Then l* = is an involutive autoe- 
quivalence of the tensor category HIG{X'/S). If (^',^') G HIG{X'/S), 



{E\n ■■= >^*iE',f) = i\E\i^') = {E\-^') (2.7.2) 

Recall that in Theorem 11.11 we constructed an algebra Ax/s from the 
torsor of Frobenius liftings Cx/s- We have seen in Proposition 11.51 that the 
p-curvature of {Ax/s^ ^ a) coincides with the action of S'Tx'/s coming from 
the torsor structure and hence that it extends naturally to a continuous 
divided power Higgs field ipjs^. Thus Ax/s can be regarded as an element 
of MIC^{X/ S). Let Bx/s be its Ox-hnear dual, which makes sense as an 
object of MIC^{X/S) (ahhough it does not lie in MW^iX/S)). 

Theorem 2.8 Let X/S := {X/ S, X' / S) be a smooth morphism together 
with a hft of X' / S modulo p^. 

1. The D^yrjg-module Bx/s described above is a sphtting module for the 
Azumaya algebra Fx/s*{Dx/s) o^^f f .(T^'/s). 

2. The functor 

Cx/s- ■■ MIC^{X/S) ^ HIG^iX'/S). 
E L*nomo-i^^^{Bx/s,E) 
defines an equivalence of categories, with quasi-inverse 

C-^)g. HIG^{X'/S) MIG^{X/S) 

E' ^ Bx/s ®t.T^,^^ i*E'. 
Furthermore, Gx/s induces an equivalence of tensor categories: 

MIG-^{X/S) HIG\{X'/S). 

3. Let {E, V) be an object of MIG^{X/S), let ip be its p-curvature, and 
let {E' ,ip') := Gx/s{.E,V). A lifting F of Fx/s, if it exists, induces a 
natural isomorphism 

Vp: {E,^) = F*^,s{E\-i^'), 
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Proof: To prove that Bx/s is a splitting module for -Dj/^, it suffices to show 

that it is locally free of rank p'^ over the center T.Tx'/s of D'^^g As we have 
already observed, the action of this center coincides with the action coming 
from the torsor structure as described in Proposition 11.41 Since Ax/s is 
coinvertible by op. cit., B^/s is locally free of rank one over F^^gT.Tx'/s, and 
hence is locally free of rank p'^ over T.Tx'/s- It then follows from the general 
theory of matrix algebras that TCorriDi {Bx/Si ) and Bx/s®t t 
quasi-inverse equivalences of categories. Since is an involutive equivalence, 
the functors Cx/s and C^/^ are also quasi-inverse equivalences. 

The algebra structure of Ax/s endows Bx/s with the structure of a coal- 
gebra with counit. As explained in Proposition 15.291 this gives Bx/s the 
structure of a tensor splitting and makes Hom{Bx/s, ) a tensor functor; the 
compatibility isomorphism 

Cx/s{Ei) ® Cx/s{E2) ► Cx/s{Ei) ® Cx/s{E2) 

comes from the diagram: 

'^^'^Dl/s^^^is^ ^0 ® T^omD-y^^^iBx/s, E2) 



Homoi^^^{Bx/s ® Bxjs, Ei O E2) ► nomDj^^^{Bx/s, Ei ® E2) 

Since t is a group morphism, l^, is also compatible with the tensor structure. 

A lifting F of Fx'/s defines a trivialization of the torsor Cx/s and hence 
isomorphisms of f .Tx'/5-modules 

Ax/s — Ex/sS ^x'/s, Bx/s — Ex/s^-^x' /s- 

Then 

E = L^E' ®Y.T^,^s ^x/s = i^*E' ®t.T^,^s Ex/s^-Tx'/s = Ex/st^*E', 
Ex/s^'Tx'/s-T^odules. Statement (3) follows. □ 



Corollary 2.9 With the notation of Theorem 12.81 the Azuniaya algebra 
Fx/s*Dx/s sphts on the {p — l)st infinitesimal neighborhood of the zero 
section ofT^z/g- 
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Remark 2.10 Although the source and target of the isomorphism rjp in 
part (3) of Theorem I2.8[ are independent of F, rjp itself is not. Indeed, let F2 
and Fi be two liftings of Fx/s, differing by a section ^ of F^^^Tx'/s- Then 
one can form in the completed divided power envelope F^^gTTx'/s- Since 
E' G HIG'^{X' / S), acts naturally on F^^^E', and we have the formula 

This follows from the fact that the isomorphism of Theorem 12.81 is induced 
by the section of Cx/s defined by F and the formula (11.3.11) for the action 
by translation of F^^^Tx'/s on Ax/s- 

A lifting F of Fx/s, if it exists, allows us to extend the equivalence of 
Theorem 12. SI to the category MIC {X/ S) of all locally nilpotent connections. 
As explained in P, 4.4, 4.12], objects of this category give rise to modules 
over the ring Dx/s of hyper-PD-differential operators. This ring can be 
identified with the tensor product of Dx/s with the completion S'Tx'/s of 
S'Tx'/s along the ideal of the zero section, and Fx/s*Dx/s can be viewed as 
an Azumaya algebra over the sheaf of rings S'Tx'/Si or equivalently, over the 
formal completion Tx'/s of the cotangent space of X' / S along its zero section. 
Let MICoo{X/ S) denote the category of sheaves of Z)x/5-niodules on Ox, 
and let HIGoo{X' / S) denote the category of sheaves of S''Tx'/s-modules on 
Ox'- The subcategories MIC {X/ S) and HIC {X' / S) are tensor categories. 
The natural map S'Tx'/s ~^ ^-Tx'/s induces a pair of adjoint functors 

HIG^{X'/S) HIG^{X'/S) 
HIG^iX'/S) ^ HIG^{X'/S), 

and similarly for MIC{X/S). 

Let be the divided power envelope of the augmentation ideal of Ax/s 
defined by the section of Cx/s given by F, and let Bp be its Ox-linear dual. 
Recall from Remark 12.41 that it has a natural Dx/s-niodule structure. There 
are natural maps 

Ax/s^Ap; Dl^s®^^^^Bp^Bx/s (2.10.1) 

Theorem 2.11 Let X/S be a smooth morphism of schemes endowed with 
a hit F: X X' of the relative Frobenius morphism Fx/s- 
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1. The T>x/s-^odule Bp described above is a splitting module for the 
Azumaya algebra Fx/s*Dx/s over its center Fx/s*Zx/s — S'Tx'/s- 

2. The functor 

Cp: MIC^{X/S) ^ HIG^ (X'/S) 

defines an equivalence of categories, with quasi-inverse 
C^' : HIGoo (X'/S) ^ MICoo{X/S) 

E' ^ Bp ®4 L^E' 
Furthermore, Cp induces an equivalence of tensor categories 
MIC\X/S) HIG\X'/S). 

3. The map Bp ^ Bx/s ^2.10.1\i induces isomorphisms of functors 

o 7^ ^ 7^ o Gx/s and Gx/s o 7* = 7* o 

Proof: Let ^: ^^^//^ Fx/s*^\_/s splitting of Cartier associated 

to F (11.9. 31) . Recall that we constructed in Proposition 12.51 a module with 
connection B(^ together with a horizontal action of F^^gS'Tx'/s', as a module 
over this sheaf of rings, B^ is free of rank one. As we have already noted in Re- 
mark [231 we can identify Bp with the formal completion B(; of S^; this iden- 
tification is compatible with the connections and the actions of F^^gS'Tx'/s- 
In particular, is an invertible (even free) sheaf of F^^gS'Tx' /s-T^odules, 

and hence is locally free of rank p'^ over S'Tx'/s- Recall from Proposition 12.51 
that there is a surjective etale group morphism = id — h^ : T^,^^ — > T^,^^, 

and note that its restriction to is an isomorphism, with inverse 

= id + /i^ + /i^ H . 

According to Proposition l2.5l the p-curvature action of S'Tx'/s on ^c, is given 
by a*(- followed by the standard action. Since is an isomorphism, a^i^Bc^ 
is locally free of rank p'^. Thus is an Fx/5*-Dx/s-niodule which is locally 
free of rank p'^ over the center S'Tx'/s, and hence is a splitting module. This 
proves (1), and (2) follows as before. The compatibilities stated in (3) follow 
immediately from the constructions and the morphisms fl2.1U.ll) . □ 
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Let us give a more explicit description of the local Cartier transform Cp. 
Given a splitting ( and a Higgs module {E', ip') we define a module with 
integrable connection 

-^^'{E',^') - {F*^/sE\V) (2.11.1) 
V := Vo + (idE'0OoF*^/s(^'), (2.11.2) 

where Vo is the Probenius descent connection and (id^/ (8)C) °Fx/si'^') 
Ox-linear map 

F'x/sF' Fx/sF' ® Fx/s^]i/s ^^Fx/sE' ^x/s- 

Let B'x/g ■— i*S'Tx'/s-i viewed as an object of HIG{X' / S). 

Lemma 2.12 The isomorphism = l*S' Fx/gTx'/s induces an isomor- 
phism 

compatible with the connections. 

Proof: For each n, the ideal B'^Jg '■= ®j>nS^Tx'/s also defines an object of 
HIG{X'/S), as does the quotient B'^ of B'^/s by B'^J'g. Let A';^ denote the 
dual of in HIG{X'/S) and let M^/s ■= 1™^^. For example, 

and if ^ e Tx'/s, a' e Ox', and lo' G i^^z/g, 

e(a',a;') = ((e,c.''),0). 

Furthermore, A'x/s — ^-^x'/S' ^ ^x'/s ^'^^ 3 ~ ^i ■ ■ - f-i then each 

Xj :— (0, a;^) belongs to the divided power ideal of A'x/s^ 



i2] Hj-l] 



It follows from the definitions that (i^c ^) ~ ^c,^{^'x/s)- Then by the 
formula above for the action of Tx'/s on divided powers and the similar 
formula for the action of a connection on divided powers, it follows that 
(^^,V) = ^^^(^'^/<j). Hence by the compatibihty of with duahty, 

{B^,V)^^-^\B'x,s)- □ 
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Let {E'jip') be an object of HIG{X' / S). Then the isomorphism in the 
previous lemma induces 

(2.12.1) 

Recall from Theorem 12.71 that Fx/s*^c splits the Azumaya algebra a*(X>x/s 
over 

-■-C ^x'/s ^ ^x'/s- 
This, together with (12.12.11) . imply the following result. 

Theorem 2.13 Let C he a lift of C^J^, let 

o^l'- Fx/s*-Zx/s — S Tx'/s S Tx'/s '■= 
be the map described in Proposition 12.51 and let 

:= S Tx'/s ®a* Fx/s*Dx/s- 

Let MICc_{X/ S) denote the category of sheaves of D (^-modules on X. For 
each ^ E Tx'/s, the p-curvature on "^^^(l^E') is induced by the action of 
a^iO on E' , i.e., = F^/si~'^liO)- This makes "^^^{t^E') a Dc^-module. 
Furthermore, the functors 

HIG{X'/S) MIC(^{X/S) 
{E',iIj') ^ E'^z^B^ 
(E',^') ^ ^^\l.E') 

are isomorphic equivalences of categories, with quasi-inverse given by 

E ^ Uom-D^iB^.E). 

Corollary 2.14 Let (^, V) be an object of MICoo{X/ S), let ip be its p- 
curvature, and let (£", ip') := Cp{E, V), and let ( be the splitting of Cartier 
determined by F. Then there is canonical isomorphism: 

(E,V) = ^^'a7^\E',i,'). 
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Remark 2.15 The appearance of the involution l in Definition 12.81 insures 
the compatibihty of the Cartier transform with the usual Cartier operator. 
Let us explain this in the context of extensions. The group 'Ey±\ij(j{Ox, Ox) 
of isomorphism classes of the category EXTIjjq{Ox,Ox) of extensions of 
Ox by Ox in the category MIC{X/ S) is canonically isomorphic to the de 
Rham cohomology group H\j^{X/ S). Similarly, the group ^^tmciOx'^Ox') 
of isomorphism classes of the category EXT}jjq{Ox',Ox') of extensions of 
Ox' by Ox' in HIG{X' / S) is canonically isomorphic to 

Hh,^^{X'/S) = H\X\Ox'®n\,,s). 
The inverse Cartier transform defines an equivalence of categories 

'^x)s'- E^T}jj(j{Ox',Ox') EXTljjfj{Ox,Ox), 
and hence an isomorphism of groups 

Let us consider the following diagram. 

H],,^{X'/S) ^H\X\n'^,,s) 

H}^{X/S) ~ H\x,nUx/s)). 

Thanks to our definition, the diagram is commutative. It suffices to verify 
this when Fx/s lifts and for extensions Ox' E ^ Ox' which split in the 
category of Ox'-modules. Then E' has a basis (cg, e'^) such that '?A(eQ) = and 
^J^e'^) = eo ® uj' , where u' G ^^'/s- Then one can check that E := C^J^(_E") 
has a basis (eo,ei) such that V(eo) = and V(ei) = cq ® C('^')) where ( is 
the splitting of C^/^ defined by the lifting of Fx/s- This implies that the 
diagram commutes. 

2.4 The Cartier transform as Riemann-Hilbert 

In the previous section we defined a pair of inverse quasi-equivalences of 
categories: 

Cp,/s: MIC-^{X/S) ^ HIG\{X'IS) : E ^ 6* Hom^.^^(i3;,/5, ^) 
C-^]^ : HIG\{X'/S) MIC-{X/S) : E' ^ B^/s ®f E' 



^-1 
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Our goal here is to show how the ring structure on the dual Axjs of ^xjs 
can be used to give an alternative and more symmetric description of these 
functors. This viewpoint sharpens the analogy between the Cartier transform 
and the Riemann Hilbert and Higgs correspondences, with the sheaf of Ox- 
algebras Axjs playing the role of the sheaf of analytic or C°° functions. 
This construction of the Cartier transform relies on the "Higgs transforms" 
described in f l5.9p and ordinary Frobenius descent instead of the theory of 
Azumaya algebras. 

Roughly speaking, the idea is the following. The algebra Axjs is en- 
dowed with a connection V^i and a PD-Higgs field dj^. If (i?, V) is an object 
of MlC'^iXj S\ the tensor product connection on Axjs^Ei^ commutes 
with the PD-Higgs field id ® Qa- Hence id ® 9^ induces a PD-Higgs field 
on the sheaf of horizontal sections of E ^ Ax/s, and it turns out that the 
corresponding object of HIG'^{X' / S) is Cx/s{E). Similarly, if {E',9') is an 
object of HW^{X'/S), then the total PD-Higgs field 9'^^^ of E' O Ax/s com- 
mutes with the connection induced by V^. Hence the subsheaf of sections 
annihilated by 9^^^ inherits a connection, and the corresponding object of 
M/C;(X/5) is C-]^iE'). 

To make this precise, we begin with some notation and a slightly more 
general setting. Let fl he a locally free sheaf of Ox-modules, let T be its 
dual, and let T be the vector group Spec^^^ S'Q. Let Q be the group scheme 
Specj(^ r.T, and let us write Og for the sheaf P.T, X for the divided power 
ideal P+T of P.T, and Og^ := Og/Xt""*"^! if n G N. Recall from the discussion 
preceding Proposition 11.41 that if vr^ : £ ^ X is any T-torsor, then there is 
natural action of Og on the filtered algebra {Ac,N.) := {nc^Oc, N.), and 
that NnAc is the annihilator of the ideal X'^+^l Thus there is a natural map 

Og^ X N^Ac N^Ac. (2.15.1) 

We shall find it both useful and convenient to study filtered Cg-modules. 
We denote by X' the divided power filtration on Og (although we should 
perhaps really write X^'l). 

Definition 2.16 Let E be an Og-module. An increasing (resp. decreasing) 
filtration N. (resp N' ) of E by sub Og-niodules is said to be X'-saturated, 
or just an X' -filtration, if for all j and k, 

I^^^NkE C Nk-jE, (resp. I^^^N^E <Z N^+^ E). 
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For example, the filtrations A^. of Ac and X' of Og are X'-filtrations. If E is 
any Og-module, then the canonical filtration 

NkE ■={eeE: I^^^e = 0} (2.16.1) 

is X' -saturated, and E is locally nilpotent if and only if this filtration is 
exhaustive. If {Ei, N.) and {E2, N.) are Og-modules with X' -saturated filtra- 
tions, then the tensor product filtration 

N,{Ei ® E2) := J2 I^^aEi ® NbE2 ^ ^1 ® E2) (2.16.2) 

a+b=c 

is again X'-saturated, because the group law induces maps 

a+b=j 

If E is any Ox-module, let 6*0 denote the Og-module structure on E for 
which the ideal X acts as zero. That is, {E, 6q) = i^E, where i* : Og —>■ Ox is 
restriction along the zero section. If E any Ox-module and 6 is an (9g-module 
structure on E, let 

E' ■.= nomo,{i,Ox,E), 

i.e., E^ is the sub Ox-niodule of E consisting of all the elements annihilated 
by the ideal X. 

Now let E be an Ox-module equipped with an Og-module structure 9 
and an X'-saturated filtration N.. The Ox-module 

Ac{E) ■.= E®Ox 

has three natural Og-module structures: the action by transport of structure 
via E, the action by transport of structure via Ac-, and the convolution 
structure defined in (12.7.11) . We shall denote these by 

Oe ■■= Oe ® id^ = Oe®0o 
9a ■■= ids ^9a = 9o®9a 
9tot ■■= 9e®9a 

We endow it with the total (tensor product) filtration A^. (I2.16.2p . It follows 
from formula (12.7.11) that 9^. and 9tot commute. Define 

TciE) := {Ac{E)f''\ 
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with the Og-structure Or induced by 6'^ and the filtration induced by A^. We 
have natural maps, compatible with the Og-structures shown: 



IE 



3E 



tot 



(2.16.3) 



where i£;(e) := 1 (8> e and Je is the inclusion. Note that tE factors through 
{AcY-^ and Je factors through {AcY^"*- Endow Ac{Tc{E)) with the tensor 
product filtration, and let 

h: Ac{Tc{E)) ^ Ac{E) 
be the map defined by the commutative diagram: 



Ac{Tc{E)) =Tc{E) ® Ac 



h 




E®Ac®Ac 



(2.16.4) 



Proposition 2.17 Let E be an Ox-module with a locally nilpotent Og- 
module structure 9 and an X' -filtration N. which is bounded below. 



1. The map tE of ( 12.16.3)) is injective and strictly compatible with the 
filtrations, and its image is {Ac{E)Y'^ . 



2. The map Je of Ii2.16.3\) is injective and strictly compatible with the 
filtrations, and its image is {Ac{E)Y^°\ 

3. The map h of l\2.16.4\) fits in a commutative diagram 

Tc{Tc{E)) Ac{Tc{E)) 



h 



E 



Ac{E). 



Furthermore, h and k are strict filtered isomorphisms, compatible with 
Og-module structures as shown: 



h: {Ac{rc{E)),9^,9 tot) 
k: {Tc{Tc{E)),9t) 



{Ac{E),9tot,9j,) 
{E,9e). 
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4. If s is a section of C, then s* o induces a strict isomorphism 

where l is the inversion mapping of the group scheme Q. 

Proof: This result can be interpreted and proved in many ways. For ex- 
ample, it is a special case of the theory of Higgs transforms on affine group 
schemes as explained in section |5l Here we give a simpler version. Indeed, 
all of the statements of the proposition can be verified locally on X, and so 
we may and shall assume without loss of generality that C has a section s 
defining an isomorphism £ = T and hence Ac — S'Q. 

Note that the Og-module structure (12.15.11) on Ac and the map 

s*:Ac^Ox 

defined by the section s of £ together define a perfect pairing 

Og^ X NnAc ^ Ox. (2.17.1) 

If E is any Ox-module, let 

H.{Og,E) ■= hmnomo^{Og^,E) C nomo^{Og,E). 

Then the pairing (12.17.11) defines an isomorphism: 

AciE):=Ac(S)E^n.iOg,E), (2.17.2) 

Let us denote by 9jx and 9tot the Cg-module structures on H-{Og,E) de- 
duced from the corresponding structures on Ac{E). These can be described 
explicitly as follows. If Ei and E2 are two Cg-modules, then HomoxiEi, E2) 
can be give an Og ® Cg-module structure by the rule 

(&i,&2)(0)(ei):=M(&iei). 

Then Otot corresponds to the Og-structure induced by /x* and Oj^ to the struc- 
ture induced by pr^. The total filtration N. of Ac{E) corresponds to the 
filtration A^. of H.(Og, E) defined by 

Nun.{Og,E) := {0 : 0(jb]) C N^-.E}. 
^In the systematic treatment in the appendix, we use fi'^ instead of /i*. 
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Now if is a locally nilpotent (9g-module, let us consider the following 
maps: 

tE:E^n.{Og,E) tE{e){b) := t*g{b)e 
a:n.{Og,E) E 0^0(1) 



The map ig is the identity section of Q and the map is corresponds to the 
map iE defined in fl2.16.3p . Similarly the map a corresponds to the map 
r]s of statement (4) of Proposition 12.171 Note that a is compatible with 
the filtrations and that a o ie = 'vIe- This shows that ie is injective and 
strictly compatible with the filtrations. The image oi ie is just the set of 
homomorphisms which factor through Og^ = ig*{Ox), which corresponds 
to {A{E)y-^. This proves (1) of Proposition 12.171 and (2) is a tautological 
consequence of the definitions. 
Define 

t: E ^n.iOg,E) by r(e)(&) := i*(6)e, 

where l: Q ^ Q is the inverse mapping in the group Q. If e G E, then a priori 
r(e) is just an element of 7iomo^(Cg, -E), but if e is annihilated by /["+^] 
then r(e) G TiomiOg^, E). Thus r is well-defined if E is locally nilpotent. 
Note that a o t = id^;, so r is also injective. If e G N^E and h G X'-'l, then 
i*{h)e G Nk-jE, so r(e) G NkH.{Og, E). Thus r is compatible with the 
filtrations, and in fact is strictly compatible because a is also compatible. 

It is clear that that the image of r consists precisely of the elements of 
T-C-{Og,E) which are t-linear. We claim that these are the elements which 
correspond to elements of Tc{E) C Ac{E). Indeed, if 0: Og ^ E is t-linear 
then it follows from the commutativity of the diagram 



pr 



X 



(id, 



that 9tot{(p) = 0, and the converse follows from the fact that the diagram is 
Cartesian. 
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Thus we can write r = Je ot, where t: E Tc{E) is an isomorphism of 
Ox-modules, inverse to the mapping a o j. It is clear from the definitions of 
r and 6*^ that r takes 9e to l^9^, and this proves (4) of Proposition 12.171 

It remains for us the prove statement (3). First let us check that h is 
compatible with the Higgs fields as described there. As we have observed in 
equation fl2.16.3p . Je takes 6*0 to 9tot- More precisely, but perhaps somewhat 
cryptically: 9tot o Je = Je ° ^'o, where for example we are writing 9tot for the 
endomorphism of -E (S> Ac induced by some element of Og corresponding to 
the Cg-module structure given by 9tot- 



{9tot®9A)o{jE(»idA) = 

{idE ® m) o {9tot ® 9_a) o {Je O id^) = 

9tot o (ids ® m) o {Je ® idj^) = 

9 tot oh = 

Similarly, {9o ® 9_a) o Je = Je o9r, so 

(^0 ® ® 9a) o {je O id^) 
(id^; (g) m) o ®9a® 9a) o {Je ® id^) 
(6^0 ® 9a) o (id^; ® m) o (j^ ® id^) 

9a o h 



Ue ® id^) o {9o ® 9a) 

(ids ® m) o {Je O id^) o (6*0 ® 9a) 

{idE ® m) o {Je ® id^) o 9a 

h o 9a- 



= {jE(^idA)o{9T®9A) 

= {idE ® m) o {Je ® id^) o {9r ® 9a) 

= ho{9r® 9a) 

= ho 9tot- 



Thus h takes 9a to 9tot and 9tot to 9a as claimed. Since h takes to 6*^, it 
induces the map k: 

Tc{Tc{E)) := {Ac{Tc){E))''''^ ^ = E. 

Let us check that h is compatible with the filtrations. By definition, 

N'^'"Ac{Tc{E)) = J2 {Im{Narc{E) ® N^.^Ac ^ rc{E) ® ^^(E)) . 

a 

The definition of NaTc{E) shows that its image under Je is contained in the 
sum of the images of N^E ® Na^hAc- Hence h maps N^"^Ac{Tc{E)) into the 
sum of the images of 

NbE ® Na-bAc ® Arc-a^£ ^ E ® 

which is contained in N^"^Ac{E). 
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Note that if /i is a strict isomorphism, then it induces a strict isomorphism 
from the annihilator of 6tot to the annihilator of ^,4, i.e., from Tc{Tc{E)) to 
E. Thus k is also a strict isomorphism. 

Thus it remains only to show that his a strict isomorphism. Suppose first 
that Grj E = for all i ^ k. Then the (9g-structure on E factors through 
ig, SO 6j( = 6 tot and E = Tc{E) C Ac{E). Then the map h is: 

i.e., the identity map. Now we can proceed by devissage. Statement (4) 
shows that the the functor E Tc{,E) preserves strict exact sequences, and 
since Gt Ac is locally free, the same is true of the functors E 1— >• Ac{E) 
and E 1— >• Ac{Tc{E)). Now suppose that NaE = and that h induces an 
isomorphism for E' := Nb-iE. Then we have a strict exact sequence 

0^ E' ^ NbE E" 0, 

where E" := NtE/Nb-iE. We have seen above that the theorem is true for 
E", and it holds for E' by the induction assumption. Then it also holds for 
NhE by the strict exactness of the functors Ac{ ) and Ac(Xc{ )). It follows 
by induction that /i is a strict isomorphism whenever the filtration on E is 
bounded, and, by taking direct limits, whenever the filtration is bounded 
below and exhaustive. This completes the proof. □ 

Remark 2.18 It is easy to see that the filtration of Tc{E) induced by the 
total filtration Ntot on Ac{E) is the same as the filtration induced by the 
filtration Ac ® N.E. The total filtration has the advantage of being again 
X' -saturated, a fact we will exploit in our cohomology computations in the 
next section. 

Remark 2.19 A similar result holds for standard Higgs fields if one works 
with the divided power completion of Ac along the ideal of a section. More 
abstractly, suppose that T and VL be as above, \ei 9: E ^ E ®VLhe a, locally 
nilpotent T-Higgs field on E. Let / be the ideal of the symmetric algebra 
S'T generated by T. Then an /-saturated filtration on E is just a filtration 
such that INkE C N^-iE. Let An be the divided power algebra T.VL, 
and define An{E) := E ® An and Tn{E) := {An{E)f*''\ Then the evident 
analog of Proposition 12.171 holds. 
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We will sometimes want to consider graded Higgs fields and PD-Higgs 
modules, i.e., graded modules over the graded ring Og, where Og = T.T 
or S'T. There is an evident functor Gr from the category of T'-filtered 
(resp. X-filtered) modules to the category of graded Cg-modules, compatible 
with the convolution tensor product. In particular, if £ is a T-torsor, then 
Gt Ac = S'Q = S^, as a graded F.T-modules (note that the multiphcation 
sends F^T (g) S^Q to Sh^a^)] furthermore its divided power envelope T.fl is 
in a natural way a graded S''f2-module. If E is an X'-filtered Oc-module, the 
natural map 

GiE^At = GiE(g)GrAc ^ Gr AciE) 

is an isomorphism, since Gr Ac is locally free over Ox, and it is compat- 
ible both with and Otot- In particular, if E satisfies the hypothesis of 
Proposition 12.171 the map Tc{E) Ac{E) induces a map 

GrTc{E) Gr{Ac{E)) = Gr{E) ^ At{E) 

whose image is annihilated by 6tot and hence induces a map 

Gr Tc{E) TriGriE)) 

Corollary 2.20 Let {E,9,N.) be an Ox-module E equipped with an Og- 
niodule structure 9 and an X' -filtration N., as in Proposition 12. 1 71 

1. The map Gr Tc{E) Tj^iGr^E)) above is an isomorphism. In fact 
there is a commutative diagram of isomorphisms: 

TT{GrE)®AT ^ GrTc{E)®AT Gr Ac{Tc{E)) 



h 



Gr{E) ® 



id 



Gr E(g) At 



Gr{h) 



GrAciE), 



compatible with the Og-module structures as in op. cit. 
2. There is a natural isomorphism of graded Og-modules: 

Gr Tc{E) = GrE. 
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Proof: The existence and the commutativity of the diagram is clear, as 
is the fact that the arrows are compatible with the Cg-module structures. 
Furthermore, it follows from Proposition 12.171 that h and Gr(/i) are isomor- 
phisms. It follows that the middle vertical arrow is an isomorphism, and that 
the image of GtTc{E) in Gi E ^ At is exactly the annihilator of 6tot, i-^., 
Tt[Gt{E)). This proves (1). Then (2) follows by applying (4) of Proposi- 
tion [2]T7] with E replaces by Gt E and C replaced by T. □ 

There is a useful cohomological complement to the construction of Re- 
mark 12.191 Recall that associated to a T-Higgs module {E, 0) is its Higgs 
(Koszul) complex 

E^E^n-^E^Vt^^---, 

where := A*17. 

Proposition 2.21 Let E he a graded Ox-module with a graded T-Higgs 
Geld 6: 

6: E ^ E ®n, 

where Q is in degree 1 . Using the notation of Remark \2.19\ let 

J^^\E) ■.= An{E)0n'0n^ 

and let 

dA-. -.A^^iE) A'^^'^E) 
dtof.^^iE) A'^^'iE) 

be the boundary maps associated to the Gelds 6^^ and Otot respectively, ten- 
sored with the identity. Then these maps Gt into a graded double complex 
Aq{E), and the maps i and j of Remark \2.19\ deGne augmentations of the 
double complex 

E(^n' ^ A'niE) 
Tn{E)^n- ^ A^iE) 

For each i, A^ (E) is a resolution of E ® and for each j A^ {E) is a 
resolution of Tfi{E) ® 
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Proof: It is immediate to verify that the boundary maps commute and 
hence define a double complex. The fact that Aq^ (E) is a graded resolution 
of E ^ follows from the filtered Poincare lemma P, 6.13] for the divided 
power algebra r.(f2). Since h is an isomorphism transforming 6tot into 6'^, 
the second statement follows. □ 

Let us now return to our discussion of the Cartier transform. Recall 
that the center of -D^/^ can be identified with the divided power algebra 
^■Tx'/s- Let X'x denote the divided power filtration of the divided power ideal 
Ix of T.Tx'/s- Let MICN^{X/ S) denote the category of D^y^-modules E 
equipped with an exhaustive, horizontal, and bounded below filtration X'- 
filtration A^. (see Definition [2111]) • Similarly, let HIGN^{X' /S) denote the 
category of F'Tx'/s-modules E' equipped with an exhaustive and bounded 
below X' -saturated filtration N'.. 

If (E, V, N.) is an object of MICN^{X/S), let 

E^'^ ■.= nomj,j^^^{Ox,E), and 

E^ := Ker{E E ® fi^/^). 

The action of the center T.Tx'/s of -D^^^ defines a PD-Higgs field on Fx/s*E 
and hence an F-PD Higgs field on E; note that E^ is invariant under the 
connection V: E ^ E ^ ^x/s- Furthermore, E^''^ = E^^ , since -D^ir/s 
generated as a topological ring by Tx/s and T.Tx'/s- 

We endow Ac{E) := E^Ac with the tensor product Dj^^g-module struc- 
ture V coming from the given structures on E and on Ax/s and with the 
tensor product filtration coming from the filtrations A^. of E and Ax/s- We 
also endow it with the F-PD-Higgs field := id where is the 
F-PD-Higgs field of Ax/s- 

Lemma 2.22 The action 6j[ of r.{Tx'/s) on Ax/s{E) commutes with the 
action of Dj^^^ corresponding to the tensor product Dj^^g-module structure. 

Proof: As we have already observed, it follows from the formula (12.7.11) 
that the p-curvature PD-Higgs field of Ax/s{E) commutes with id ® 6*^. 
That is, the action of F.Tx'/5 C Dj^,^ commutes with id®^^. Furthermore, 
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a D e Tx/s, ^' e T.Tx'/s, ee E, and a G Ax/s, 

(id(g)%)VD(e® a) = Vz)(e) (g) %(a) + e (g) % VD(a) 

= VD(e) 0%(a) + e(g) VD%(a) 
= VD(id®e^,)(e® a) 

Since is generated by Tx/s and F.Tx'/s, it follows that Vd commutes 

with 6^1 for every D G Dj^^^. □ 

Now recall that, by definition, t^,CA'/5(-E) = Homj;)-y^^^{Bx/s, E), with the 
r.Tx' /5-module structure coming from E, where B^/s '■= 'Homox {-A-x/Si ^x) 
in the category of Dj^^-modules. Thus when E is locally nilpotent, 

i.Cx/s{E) := Homoi^^{Bx/s,E) ^ {E®Ax/sY'^ = {{•Ax/s{E)fY . 

Of course, the total PD-Higgs field on Cx/s{.E) is zero, but because of the 
commutation of -D]^/^ and id ® 6*^, l^Cx/s{.E) is stable under the PD-Higgs 
field id ® 6'_4 of ^;t'/5- In fact, the induced PD-Higgs field induced by 6*^ on 
is of the PD-Higgs field induced by 6'£;. A geometric explanation of this 
fact is given in the appendix after Definition 15. 9t it can also be checked by 
direct computation. Thus it follows that 

Cxis{E) := iMomDx/s,,{^x/s.E) = {Tx/siE))^ (2.22.1) 

where Tx/s{E) := {Ax/siE)^"" as in Proposition [2II71 

It is clear from the construction that there are natural maps, compatible 
with the connections and F-PD-Higgs fields shown: 

{E, 9o, V) ^ (Ax/siE), 6^, V) ^ (F^x/sCx/siE), 9, Vo) (2.22.2) 

Here Vo is the Frobenius descent connection on F^^gCx/s{E). Since N. is 
an X'-filtration on E, the filtration on F^^^Cx/s{E) induced by the total 
filtration of Ax/s{E) is horizontal and is also an X'-filtration with respect to 
the action of 9J^. It follows that it descends to an X'-filtration on Cx/s{E). 
Thus we obtain a filtered version of the Cartier transform: 

Cx/s- MICN-^{X/S) HIGN-{X'/S). (2.22.3) 
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On the other hand, if {E', 9', N'.) is an object of HIGN'^^X' / S), we can 
endow 

^x,s{E') := F*^,sE' Axis (2.22.4) 

with the tensor product F-PD-Higgs field Q[^^. It follows as in Lemma [2.221 
that d[^^ commutes with the tensor product connection on F^i^E' ® Ax/s, 
where F^^^E' is given the Frobenius descent connection Vq. Thus 

C'xME') := {A'x/siE')f'" (2.22.5) 

inherits a nilpotent D^^^-module structure from Ax/s^ which we denote by 
V^'. We have natural maps 

F;,/siE',e',Vo) — {A';,/siE'),0L,^A') {C'x/siE'),0L,^A) 

(2.22.6) 

where i' takes the PD-Higgs field of E' As before, the X'-filtration N'. on E' 
induces an X'-filtration on C'-^^g{E'), and we get a functor: 

C'^/^: HIGN-^{X'/S) ^ MICN:^{X/S). (2.22.7) 
The commutative diagram 

Fx/sCx/s{E) ® Ax/s ^^^^ E ® Ax/s ® Ax/s 



h 




E ® Ax/s 
defines a horizontal map 

h: {A';,/siCx/sm,0A,Otot,N.) ^ {Ax/s{E),9,ot,9A, N.). (2.22.8) 
A similar construction defines a horizontal map 

h': {Ax/s{C'^/s{E')),e\„el„N'.) {J^^,s{E')AoAN'.) (2.22.9) 

Theorem 2.23 Let X/S := {X/ S, X' / S) be a smooth morphism with a 
URing of X' mod as described above. 
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1. Let {E,V,N.) be an object of MICN'^{X/S) and let {E',9',N'.) : = 
Cx/s{E,V , N.). Then the map h A'J.'J'J.l^) is a filtered isomorphism, 
and fits into a commutative diagram: 



id 



E 



2. Let {E',9',N'.) be an object of HIGN:^{X' / S) , and let {E,V,N.) : = 
C^)g{E\e',N'.). Then the map h' A2.22SA) is a filtered isomorphism 
and fits into a commutative diagram: 



Cx/s{E) Ax/s{E) E 



h' 



id 



Consequently, C;^/^ is quasi-inverse to the Cartier transform Cx/s and is 
therefore isomorphic to the functor C^y^ of Theorem 12.81 (ignoring the filtra- 
tions). 



Proof: This theorem is an immediate consequence of Proposition 12.171 and 
Cartier descent. The p-curvature of the connection on Ax/s{E) is the total 
Higgs field 9tot- Hence 

E' := Cx/s{E) = {{Ax/s{E)Y""y = Tx/siE)"", 

in the notation of op. cit.. Since the p-curvature of the connection Tx/s{E) 
vanishes, standard Cartier descent implies that the natural map 



x/s 



E' ^ rx/s{E) 
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is a filtered isomorphism. Thus we have a commutative diagram 



FJ/^E' ® Axis — ^xis{E) Ax/s 




h 



E ® Axis 

Proposition 12.171 implies that is a filtered isomorphism and hence so is 
/i, and it is also horizontal. The vertical left arrow in the diagram of (1) 
corresponds to the map k of Proposition 12.171 and is also a horizontal filtered 
isomorphism, compatible with the PD-Higgs fields, z.e., an isomorphism in 
the category MICN'^{X/ S). A similar argument works if we start with an 
object {E\e',N:) of HIGN'^^X' / S). This shows that Cx/s and C'^js are 
quasi-inverse equivalences. □ 

Corollary 2.24 Let (E, V, A^.) be an object of MICN\{X/S) and let 

{E',9',N:) ■.= Cx/s{E,V,N.). 

Then there is a natural isomorphism in the category of graded T'Tx'/s- 
modules: 

{Gr{E', e',N'.)) = i,iGTiE,ij,N.))^ , 
where ib is the action of P^ C D't/g and l is the inversion involution of 

^x'/s 

Proof: Using Corollary 12. 20[ we have 

GtE' = Gt(^{Tx/s{E))'') 

- (GrTx/siE))^ 
^ {i.GT{E)f 

□ 
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Remark 2.25 A similar formalism works when there is a lifting F of Fx/s- 
Let MICN{X/ S) denote the category of modules with connection V) 
endowed with a horizontal filtration A^. such that Gr'^{E) is constant. We 
assume also that N. is exhaustive and bounded below. As before, let Ap 
be the nilpotent divided power completion of Ax/s along the ideal of the 
corresponding augmentation Ax/s ^ ^x- Then if V,A^.) is an object 
of MICN{X/ S), its p-curvature ip gives {Fx/s*E, N.) an /-saturated Higgs 
field as discussed in Remark 12. 19[ Then we define: 

Ap{E) := E -^F and TpiE) := (ApiE))''"' 

where Tp{E) has the Higgs field Or induced by Oji^. Then 

Cp{E) := {Ap{E)r = {Tp{E)r 

with it inherits a Higgs field and filtration. Thus we obtain a functor 

Cp: MICN{X/S) HIGN{X'/S). 

On the other hand, if {E', 6', N!) is an object of HIGN{X'/S), let 

Ap{E') ■.= E'^a'^ Ap. 

Then the total Higgs field 6' on Ap{E') commutes with the connection id ® 
V^. Let 

:= {Ap{E')y\ 

which inherits a connection from the action of id ® and a filtration A^. 
from the total filtration N'^^^. Thus Cj^ is a functor 

Cr^: HIGN{X'/S) MICN{X/S). 

These functors are quasi-inverse equivalences, compatible with the tensor 
structures and with the global functors Cx/s considered above. 

2.5 De Rham and Higgs cohomology 

Let us continue to denote by X/S a smooth morphism X/S of schemes 
in characteristic p, together with a lifting X'/S of X'/S. Let V) be a 
module with integrable connection on X/ S, nilpotent of level i. Our goal in 
this section is to compare the de Rham cohomology of [E, V) with the Higgs 
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cohomology of its Cartier transform (£", 9'). We shall do this by constructing 
a canonical filtered double complex {A'^jg^E), N.) of Ox'-modules and quasi- 
isomorphisms 

Fx/s*{E ® n-^/s, d) ^ NnA;^js{E) {E' ® n'^^/^^ 

whenever I + d < n < where ^^/^ is the total complex associated to the 
double complex A'^js- 
In fact, 

•^x/s^E) ■= Fx/s*[e®Ax/s®F*x/s^x'/s®^x/s 

= Fx/s* {e (g) Axis ® ^xjs) ® ^x'/s- 

with boundary maps constructed from the de Rham differentials of {E, V) 
and the p-curvature of Ax/s- In the case V) = {Ox,d) we obtain an 
isomorphism in the derived category 

Fx/s*{E ® Qx/s^ d) ~ {n-^,/s, 0) 

between the de Rham complex of X/S and the Hodge complex of X'/S, 
when d < p. This is the result of Deligne and Illusie [8J (with a loss of one 
dimension). For general E it can be regarded as an analog of Simpson's 
"formality" theorem [35] . 

We shall find it convenient to work with filtered connections and their 
de Rham complexes. Let [E, V) be a module with integrable connection 
endowed with a horizontal filtration A^. such that (Grjv(i?), V) is constant, 
i.e., has zero p-curvature. We assume that N^iE = and Np_iE = E, so 
that {E,V,N.) defines an object of MICN'^{X/S). Let A^.*°* be the tensor 
product filtration on E®Ax/s induced by N. and the filtration N. of Ax/s- 
Let {E',N'.) be the Cartier transform of {E,N.) with the filtration induced 
by iV.*°*, as explained in Theorem 12.231 For fixed i, the de Rham complex of 
the module with connection Ax/s{E) ® ^x/s^x'/s complex: 

^%iE) ^ A%iE) ^ . . . . (2.25.1) 

Similarly, for fixed j, the Higgs complex of {Ax/s, (^a) tensored with E^Q-'^^g, 
is the complex 

A-^),{E) := A%,{E) ±^ A'^^,{E) (2.25.2) 
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It follows from Lemma 12.221 that the differentials d and d' commute. Thus 
we can form the double complex A'^ig{E) and the associated simple complex 

For each i there is a natural map from E' ® ^^'/s Ker((i*'''), which can 
be regarded morphism of filtered complexes, 

{E' ® Q),,/s, N:) iA%/,{E), iV.*°*), (2.25.3) 

compatible with the Higgs boundary maps: 

{E'^Q),,,s,N'.)^{A'^,,{E),N!"') 



{E' ® N'.) (A'^l^iE), N!"') 

In the same way we find for each j a morphism 

Fx/s*{E ® ni,/„ N.) ^ N!"') (2.25.4) 

compatible with the de Rham boundary maps 

Fx/s.iE ® n^,,, N.) (Aj^UE), iV.*°*) 



Fjc/s.{E ® fi?/^, N.) iA-J,%\E), iV.*°*) 
These assemble into morphisms of filtered complexes: 

{E' ® n-^,/s, n:) ^ {A-;,/,, N'.°') '^{E® n-^/s, n.) (2.25.5) 

If there is a lifting F of Fx/s, we can make the analogous construction 
with Ap in place of Ax/s, and we use the analogous notation. Then there 
is a natural morphism of double complexes A'^^g{E) —* A'^{E). Taking 
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associated simple complexes, we find a commutative diagram: 



(2.25.6) 



tot\ 



Before stating the main theorem, let us recall that if C is a complex with 
an increasing filtration A^., then as explained in the filtration decalee Nf'^'^ 
on C is defined by 



(2.25.7) 



Theorem 2.26 Let X/S be a smooth morphism in characteristic p. Let 
E := {E,V,N) be an object of MICN{X/S) with N^iE = 0. 



1. If X /S is a hfting ofX/ S, then the maps a^/s and b^/s i\2.25.5\) induce 
filtered quasi- isomorphisms: 

Consequently they assemble into an isomorphism in the filtered derived 
category of Ox'-i^odules: 



rdec 



Idee/ 



Tidee nl\ 



2. If F is a lifting of Fx/s, then the maps a p and b p i\2.25.6\) induce filtered 
quasi- isomorphisms: 



Fx/s*iE®nx/s,N^n 

{Cp{E)®n-^,/s.N:'n 



dee\ 



{Ap{E),N: 
{ApiE),N!'^^ 



These assemble into an isomorphism in the filtered derived category 
{Fx/s.{E ® n-^/s), = (CpiE) ® n-^,js, N'."^^). 
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Corollary 2.27 Let {E, V) be an object of MIC{X/S) which is nilpotent 
of level i. Then a lifting X jS induces isomorphisms in the derived category: 

Fx/s* {r<p-e{E ® flx/s)) = T<p-t{Cx/s{E) ® ft'x'/s), 
and if i + dim(X/S') < p, 

Fx/s4E ® ^Ix/s) = {Cx/s{E) ® n-x,/s). 

Applying (2) of Theorem 12.261 to the canonical filtration (I2.16.ip of a 
locally nilpotent connection, we obtain the following result. 

Corollary 2.28 Let V) be an object of MIC{X/S). Assume that the 
connection V is locally nilpotent (quasi-nilpotent in the terminology of l^). 
Then a lifting F of Fx/s induces isomorphisms in the derived category 

Fx/sAE ® ^x/s) = CpiE) ® n-^^/s- 

Before beginning the proof of Theorem I2.26[ let us remark that it is not 
true that the maps 

Fx/s*{E®nx/s,N.) ^ {A^{E),N.) (2.28.1) 
iE'^n-x,/s^N.) ^ iA-^iE),N.) (2.28.2) 

are filtered quasi-isomorphisms. However, these maps induce maps of spec- 
tral sequences, which on the Ei level are maps of complexes of sheaves: 

HiGiar): {Fx/sM{GTE0n-x/s)^di) ^ {UiGi A^{E)) , d^) (2.28.3) 

n{GTb:p): {HiGiE' (^Q-x,/s),di) ^ {niGTA^{E)),di) , (2.28.4) 

where di is the differential of the spectral sequences. We shall prove that 
these maps are quasi-isomorphisms (not isomorphisms), and hence induce 
isomorphisms on the ii^2-terms of the spectral sequence. 

Lemma 2.29 In the situation of (2) in Theorem \2.26\, the maps A2.28.3\) and 
A2.28.4\) above are quasi-isomorphisms. 

Proof: Since the p-curvature of Gr E vanishes, the classical Cartier isomor- 
phism induces a canonical isomorphism: 

E[{E ® n-^^s, N) = K (Gr E ® n'^/s) = (Gr E)"^ ® 
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Corollary (5.1.1) of [2S], allows us to compute the differential di of this 
spectral sequence. It asserts that the diagram below is anticommutative, 
thus identifying the (negative of) the differential dl with the graded map 
Gt{iP) induced by the p-curvature of E: 



dl 



(2.29.1) 



(Gr, Ef ® _Gr(VO^ ^^v ^ 



Thus there is an isomorphism of complexes 

{Fx/s.E[{E®n-^,s^N.),d^) ^ {QiE' ®n-x,/s,GTm- 

We apply the same method to analyze the Ei term of the spectral se- 
quence of the filtered complex {A'p{E), N.). The total differential of the 
double complex A'p{E) induces a map 



F 



NkA't\ 



so the differential on Gi A'p{E) is just the de Rham differential of the module 
with connection 

Gi A^\E) = ®^ Gi Ap{E) ® 

Since this connection has vanishing p-curvature, the classical Cartier isomor- 
phism provides an isomorphism: 

H-{GvAp{E) ® d) = (GriApiE))^ ® n-^,/^ ® ^x'/s- 

The differential di of the spectral sequence is then a sum of maps 

{GT{Ap{E)f ® n]^,^^ (E) n'x./s ^ {Gi{Ap{E)f ® fi^^,/^ ® fi^,)^ 
(Gr(^^(E))^®fi^^,/5®fiV/s ^ (Gr(^^(^))^ ® 

The first of these is the map induced by differential d' of A'p{E), which 
comes from the p-curvature of A, and |28J identifies the second as the map 
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coming from the p-curvature of the connection V on Ap{E). Thus we have 
an isomorphism of complexes: 

{E[{A-p{E),N.,d,) = {GTAp{E)^(^Qx:/s(^^x'/s,d), 

where the differential on the right is the differential of the simple complex 
associated to the double complex whose term in degree i,j is 

(Gr^^(E))^ ® f^V/s ® ^x'/s 

and whose differential is the graded map induced by the Higgs fields 6j{ and 
9tot- In fact, by Corollary E^Ol Gr A p{E) = Gi E Gi Ap{E), compatibly 
with the connections and Higgs fields. Furthermore, 

(GrE ® Gr^^)^ = (Gr^)^ ® (Gr^^)^ = (Gr^)^ ® ^-^x'/s- 

Let us write Q for f^^'/s ^"^^ ^'-'^ dual. According to \2.20\ Gr E' is the 
Higgs transform of Gr E with respect to the T- Higgs module T.Q. Thus the 
maps Gra^ and Gr6^ become identified with maps of complexes which term 
by term are the mappings 

{GrE)^^n^ {GrE)^(g)T.n^n'^n^ 

GT{E')^n' Gi{E')(g)T.n^n' ^n' 



constructed in the same way as and bp. This is exactly the situation 
discussed in Proposition 12.211 so the lemma follows. □ 

Proof of Theorem \2.2(A To prove that the arrows in (1) of the theorem are 
isomorphisms is a local question, so we may without loss of generality assume 
that there is a lifting F of Frobenius. For i < p, the map NiAx/s NiAp 
is an isomorphism. Furthermore, since N^iE = 0, 

i i 

Nl°'Ax/s{E) = J2 ® N,_,Ax/s = J2 ® ^-^'^^ = N!°'Ap{E) 

j=0 j=0 

when i < p. Thus the map: 

iA-^/siE),N!''')^iApiE),N!'''). 
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is a filtered isomorphism when restricted to Np_i. Thus statement (1) will 
follow from statement (2). 

Since the filtration A^. on E is exhaustive and formation of direct limits 
in the category of sheaves on X is exact, we may and shall assume that N. 
is finite. It will suffice for us to prove that the maps of complexes 

Fx/s.GT''''\E(g>n-^/s) ^ Gr^"^(^^(E)) 

are quasi-isomorphisms. Recall from [7] that there are natural injections 
H'^{Gr'^ C) Gr^ which assemble to form a quasi- isomorphism 

{Ei{C-,N.),d) = {H-{GT''C-),d) ^Gi'^'^^C- ^ {Eo{C\Nf"'),d). 

(2.29.2) 

Thus the theorem follows from Lemma 12.291 □ 

Remark 2.30 Let V) be an object of MIC.{X/ S), suppose that there 
exists a global lifting of Fx/s, and let {E',iIj') denote the Cartier transform 
of {E, V). By Remark 12.101 there is a canonical isomorphism F^^g{E', ip') = 
{E, —tp), where ijj is the p-curvature of V. This induces isomorphisms 

F;,/s'H\E',f)=WiE,-^). 

for all i. Recall from [28] that the sheaves of Ox-modules 1-C'{E, —ip) carry a 
canonical integrable connection V whose p-curvature is zero, induced by the 
given connection on E and the Frobenius descent connection on 
It follows easily that the above isomorphisms are horizontal and hence de- 
scend to isomorphisms of Ox'-modules 

W{E',^') = W{E,-^)^. 

On the other hand, fl2.26l) gives us isomorphisms W{E',ip') = W{E,'V). 
Combining these, we find the "generalized Cartier isomorphism" 

n'{E,V)^W{E,-^)'^. 

Another construction of such an isomorphisms was given in |28], independent 
of any lifting of X or Fx/s or nilpotence condition on V. One can easily see 
that these two isomorphisms are the same, because they agree when i = 
and because both sides are effaceable cohomological delta functors in the 
category MIC.{X/S). 
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Suppose that X is noetherian and E is coherent. A consequence of the 
isomorphisms discussed in Remark l2.30l is the fact that the de Rham complex 
of {E, V) with an integrable connection V is determined, as an object in the 
derived category, by its formal completion along a closed subset determined 
by its p-curvature ip. Recall that [E, ip) gives rise to a coherent sheaf E 
on T*xi/s- Define the essential support of {E, V) to be the set-theoretic 
intersection of the support of E with the zero section of T^,^^. We should 
perhaps recall that Fx/s'- X — > X' is a homeomorphism and from [281 2.3.1] 
that the essential support of {E, V) corresponds via Fx/s to the support in 
X of the Higgs cohomology sheaves of the p-curvature of (i?, V). (In fact, 
the dth cohomology sheaf suffices.) 

Proposition 2.31 Let X/S he a smooth morphism of schemes in charac- 
teristic p > of relative dimension d. Let {E, V) be a coherent sheaf with 
integrable connection on X/S, and let Z O X be a closed subscheme con- 
taining the essential support of {E, V). Let iz : X/z X denote the natural 
map from the formal completion of X along Z to X. Then the natural map 
of de Rham complexes: 

a: E® Vtx/s iz*E/z ® Vtx/s 
is a quasi-isomorphism. 

Proof: It suffices to prove that the map above induces an isomorphism on 
cohomology sheaves. The generalized Cartier isomorphism [28] is an isomor- 
phism of sheaves of Ox' -modules 

n\Fx/s*E ® nx,s) = Fx/sM'iE ® F*x/snx>/s)^ 

where the complex on the right is the Higgs complex of the F-Higgs field 
given by the p-curvature of V. Now one has a commutative diagram 

n\Fx/s.E ® Qx/s) n\iz*E,z ® Qx/s) 



W{E ® F*x,s^x'/s? — n^i^z.E/z ® F^x/s^x'/s)"" 
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Thus it suffices to prove that the natural map 



is an isomorphism of Ox-niodules. Since the completion functor is exact, 
and since the cohomology sheaves lif{E ® Fxis^'x' is) have support in 



Let us also remark that in the situation of Proposition 12.311 we can define 
a formal Cartier transform as follows. Let / C Ox' be an ideal of definition 
of the essential support Z of E. For each n, let En '■= E/ F^^^I^'E, which 
inherits an integrable connection from the connection on E. Then the p- 
curvature of {En, V) is nilpotent and hence, given a lifting F of Fx/s, it has 
has Cartier transform Cp{En)- These Cartier transforms are compatible with 
change in n, and they fit together to define a coherent sheaf on the formal 
scheme X'l^, which we (slightly abusively) still denote by Cp{E). The double 
complex constructions used in the proof of Theorem 12 . 261 also fit together into 
a formal double complex. The following statement is a consequence of this 
and the previous proposition. 

Proposition 2.32 Suppose that X is noetherian and that {E, V) is a co- 
herent sheaf on X with integrable connection. Let F be a hfting of Fx/s and 
let Cp{E) denote the formal Cartier transform of E described above. Then 
the maps of Proposition \2.31\ and statement (2) of Theorem \2.26\ fit together 
to define an isomorphism in the derived category of Ox' -modules 



3 Functoriality of the Cartier transform 

3.1 Gauss-Manin connections and fields 

In this section we review the definitions of higher direct images of modules 
with connections and Higgs fields. We show that their formation with re- 
spect to a smooth morphism of relative dimension d, increases the level of 
nilpotence of a connection (resp. of a Higgs field) by at most d. This result 
strengthens the nilpotence theorem of Katz fl8{ 5.10] and will be used in our 
discussion of the compatibility of the Cartier transform with higher direct 
images. 



this is clear. 



□ 



Fx/s*{E ® Q-j,/s) = Cp{E) ® 



'X'/S 
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Recall that if h: X ^ Y is a smooth morphism of smooth S'-schemes and 
if {E, V) is a module with integrable connection on X/ S, then the sheaves 

BJ'hf^iE, V) := R'KiE ® Q-^/y, d) 

are endowed with a canonical connection, called the Gauss-Manin connection. 
By the same token, if {E, 6) is a module with a Higgs field 6*, then the sheaves 

r^HhigAe, 0) ■■= R'KiE ® n-^,y, 0) 

are endowed with a canonical Higgs field, which we shall call the Gauss-Manin 
field. Each of these can be constructed in many ways. For the reader's con- 
venience we explain one of these here; a variant of the "explicit" construction 
explained in [181 3.4]. We write out the details in the de Rham case only; 
the Higgs case is analogous but easier. 

Let {E, V) be a module with integrable connection on X/ S and let ^ be 
a local section of Tx/s- Then interior multiplication by ^ defines a map of 
graded sheaves 

i^: E ® ^'x/s E ® ^x/s^ 
of degree —1. The Lie derivative with respect to ^ is by definition the map 

:= di^ + i^d, 

which has degree zero. By construction is a morphism of complexes, 
homotopic to zero. Now recall that a smooth morphism h induces exact 
sequences 

^ h*nl./s ^x/s ^x/Y (3-0.1) 
O^Tx/Y^ Tx/s -^h*TY/s^O (3.0.2) 

Pull the second of these sequences back via the map h^^Ty/s —>■ h*TY/s 
to obtain an exact sequence of sheaves of /~^((9y)-modules: 

^ Tx/Y ^ T|/5 ^ h-^TY/s ^ 0. (3.0.3) 

Let us note that T^/^ C Tx/s is closed under the bracket operation and 
that the inclusion Tx/y T'^/s compatible with the bracket operations. 
Moreover, if is a local section of h~^{OY) and is a local section of T^/g, 
then ^{g) also belongs to /z~^(Cy), and if r/ is a local section of Tx/y, then 
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It follows that [?7, ^] G Tx/y, so that Tx/y is an ideal in the Lie algebra T^/^ 
and the map T^jg h^^Ty/s is a Lie algebra homomorphism. 

Lemma 3.1 If ^ is a local section of T'^/g, then preserves tie Koszul 
filtration K' of E^Vt'-^jg induced by the exact sequence i3.0.1\] . In particular, 
induces a niorphisni of complexes 

L^: E ® ^'x/Y ^ E ® ^x/Y- 

Furthermore, if ^ and ^' are local sections ofT^^^g, then [L^,L^i] = L^^^,^'] in 
End{E (g) ^x/y)- 

Proof: By definition, 

K\E ® fi^/^) = Im (h*n\./s ^E® ^ E (g) fi^/^. 

Let ^ be a local section of T'^/g- Since acts as a derivation with respect 
to multiplication by ^'x/s^ i^ suffices to check that if is a local section of 
h*QY/s^ then L^{u)) also belongs to h*QY/s- Again using the fact that 
is a derivation, we see that it suffices to check this when u lies in h^^Qy^^. 
But if G h'^Qy^g and if the image of ^ in h*TY/s lies in h'^Ty/s, L^{uj) = 
di^{uj) + i^duj G h'^Q^rjg. 

The fact that the action of Tx/s on E by Lie derivative is compatible with 
the bracket follows from the integrability of V, and it is well-known that the 
same is true for its action on ^'x/s- Since L^, L^i and Ly^^^i^ act as derivations 
with respect to multiplication by forms, it follows that [L^, L^i] = L[^^^!] on 
E C?) ^x/s hence also on E (g ^x/y '-' 



Now let 



rp- ._ rp rpY 

J-X-^Y ■- J-X/Y " J-X/S^ 



regarded as a complex in degrees —1 and 0, where the boundary map is the 
inclusion. We can give T^^y the structure of a differential graded Lie algebra 
by defining [77, 77'] := if t], t]' G Tx/y, [77, ^] := [drj, ^] G Tx/y if ?7 G Tx/y and 
^ G and [C^'] the usual bracket if G T^/y The exact sequence 

( I3.U.3I) defines an isomorphism in the derived category of f^^Oy-modnles: 

Tx^Y ^ h~^Ty,s. (3.1.1) 
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which is compatible with the bracket structure on h~^Tx/Y- 

If is a local section of Tx/y^ then defines a section of degree —1 of 
the complex £nd{E ® il'^^y), which we denote by V'^irj). If ^ is a local 
section of T^/^, then Lemma [3.11 tells us that defines a section V''(i^) of 
degree of £nd{E ® O'^^y). Let us observe that and V° assemble into 
a morphism of complexes: 

V : Tj^^y ^ £nd{E ® Qx/v)- 

Indeed, if ^ G T^/^, then V°(^) is a morphism of complexes, so it is annihi- 
lated by the total differential of £nd{E ® fi'^^y). If r/ G Tx/Yi then V~^(?7) 
has degree —1, so 

dV^{r]) =do V^{r]) + V\r]) o d = d o + o d = = V'^{dr]). 

Let us also check that V' is a morphism of differential graded Lie algebras. 
If G T'^/s^ then we saw in Lemma [3. II that 

We must also check that if ^ '^x/s V ^ Tx/y, then 

[V-^(^),V°(0] = V-^([r/,e]),^.e., 

that [i>ri, L^] = i[r],^]- Observe first that both sides are derivations of E^Q'j^^y 
of degree —1 with respect to multiplication by forms, and in particular are 
Ox-linear. Thus it suffices to check the formula for closed 1-forms. In fact, 
if u; G ^x/g is closed, then 

[V-^(r/),V°(0]M = trM^) - L^t.icu) 
= V-^([r/,e]), 

as required. Finally, let us observe that V' is a derivation with respect to 
multiplication by sections of 



73 



Definition 3.2 Let h: X Y be a smooth morphisin of smooth S -schemes 
and let (-E, V) (resp.{E,9)) be a module with integrable connection (resp. 
Higgs held) on X/S. Then the Gauss-Manin connection (resp. Higgs fieldj 

on K"-h^:{E (g) ^'x/y) 

Ty/s EndR'KiE ® nx/y) 
obtained by composing the adjunction map 

Ty/s h^h^^Ty/s = R^h^h~^Ty/s 

with the inverse of the isomorphism R^h^T'x_^y —* R^h^h^^Ty/s dehned by 
(\3.1.1\] and the maps 

R^K{V'): R^KiT'x^y) R^KSnd{E ® Qx/y) ^ Endi?"/i,(E (g) n'x/y). 

Remark 3.3 The integrability of the Gauss-Manin connection defined here 
follows from the compatibility of the maps (13.1. ip and V' with the bracket 
operations. A similar construction defines the Gauss-Manin Higgs field, and 
thus we obtain sequence of functors 

i?"/if^: MIC{X/S) MICiY/S) 
Rn^HiG. HIG{X/S) HIGiY/S) 

It is straightforward to check that these fit into sequences of exact effaceable 
5-functors and hence are derived functors. This makes it easy to compare 
this construction with the many others which appear in the literature and in 
particular with the derived category constructions appearing in section 13. 3[ 

Now suppose that N. is an increasing filtration on E which is stable 
under the connection (resp. Higgs field). Then the filtrations N. and N'^^'^ of 
E ® ^'x/y ci-re stable under the action of T^^y, and hence the higher direct 
images of the corresponding filtered pieces and the graded objects inherit 
Gauss-Manin connections. 

Theorem 3.4 Let h: X ^Y be a smooth morphism of smooth S-schemes. 
Let E be a sheaf of Ox-modules endowed with an integrable connection V 
(resp. a Higgs field 9) . Suppose that N. is a filtration on E such that Gr^ V 
is constant (resp., such that Gr^ 9 = 0). Then for each n and i, the action 
of the Gauss-Manin connection (resp. Geld) on R"'h^{Gi^ {E ® Vl'xiy)) is 
constant (resp. trivial). 
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Proof: If ^ is a Higgs field such that Gr (6*) = , then 6 maps NiE to 
Ni_iE It follows that the actions of Tx/y and T^/g on E ® ^'x/y 

Hence Tj^^y 



■x/s 

Tdec j^dec_ 



by interior multiplication and Lie derivative map A^^' 
acts trivially on Gr^ [E ® iZ^^y). 

Now suppose that V is a connection on E and is a horizontal filtration 
on E. Recall that we have a natural quasi-isomorphism (12.29. 2p of complexes 



a: {E{\E®9:^/y,N),di) 



Here E'{^ {E ® fi^^/y, A^) = W-\Gif E ® 9.-^,y)- Note that if ^ G Tx/y C 



Grf" 



{E ®Vt'^/Y,d). 



"X/Y 



X/Y) 



Tj^^g, then is well-defined on E ® ^x/y ^'^'^ hence = di^ + i^d acts as 



zero on Tif{E ® i7^yy). Thus the action of T'x^y factors through h Ty/s] 
the boundary maps di are compatible with this action. Thus K^h^i^E^-^ ,di) 
has a connection also, and we claim that K^h^^la) is compatible with the 
connections. To see this, it is convenient to recall the "dual" version of the 
filtration decalee: 



lE ® f]^/^; 



N*{E ® n^/y) := Ni^.E ® fi^/y n d~\Ni 
Then there is also a natural quasi-isomorphism 

a*: {GTf{E®nx/Y),d) ^ (E;'^'(E ® l^^^/y, A^), di) 



Then a* and aa* are compatible with the actions of T^^y. Although a is not 
compatible with the action of T^^y on the level of complexes, it follows that 
it is compatible with the induced action of Ty/s on higher direct images. 

Now suppose that Grii^ := Gi^ E is constant. The theorem will follow if 
we prove that the Gauss-Manin connection on K"'h^:{E[{E ® A^.), cii) 

is constant. Let us consider the relative Frobenius diagram: 



T^XIYIS 




(3.4.1) 



Here Fxjs = 

"X/Y/S^^X'/Y- 



T^x/Y/s ° Fx/Y and he square is Cartesian, so Q'^^^Y)/y 
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The morphism of filtered complexes 



induces a morphism of spectral sequences, which on the £^i-level corresponds 
to the top row of the following commutative diagram: 



H\GiE®nx/Y) 



Cs 



Cy 



7i°(Gr E ® Q:x/s) ® ^\,/s ^°(Gr E®Vt\ 



X/Y) 



Q 



n°{GrE®n 



x/s) 



The vertical maps cs and cy induced by the inverse Cartier isomorphism 
are isomorphisms because Gr£' is constant, the map a is surjective, and the 
map b is injective. Thus TiP{Gic E (8) ^'x/s) ® ^x'/y ^® identified with 
the image of the arrow at the top of the diagram. Since the differentials of 
the spectral sequence leave this image invariant, they induce maps 

7i°(Gr E (g) Qx/s) ® ^x'/y ^ ^°(Gr E ® Qx/s) ® ^xvV'- 

and define a complex TiP{GT: E <Si ^'x/s) 
on X'. Since the natural map 



^'x'/Y' sheaves of Ox'-modules 



^*x/Y/s (n%Gr E ® nx/s) ® ^x'/Y') ^ ^°(Gr E ® Qx/y) 



is an isomorphism, we see that the complex E[{E, N.) descends to a complex 
of 0x'-Kiodules on X'. 

Note that if ^ Tx/y ^ '^x/S' then is well-defined on E ^ ^x/y 
and hence = di^ + i^d acts as zero on H'^{E Qx/y)- Thus the action 



of Tx^Y Ti.'^iE (8) 0,'x/y) factors through h ^Ty/s- For the same reason, 
as zero on the image of Ti.'^{Gr E (8> ^x/s) 'H'^iGicE (8) Q'x/y)- 
and it follows that the action of h~^TY/s on E[{E,N.) is nothing but the 
Frobenius descent connection. It follows that the Gauss-Manin connection 



on K^h'^\H' Gr^^ {E (g) ^'x/y)-> ^i) Frobenius descent connection. □ 
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The following result is an improvement of the result [TF, 5.10] of Katz, 
which gives a multiplicative instead of an additive estimate for the level of 
nilpotence of higher direct images. 

Corollary 3.5 In the situation of the previous theorem, suppose that h: X — 
Y has relative dimension d and denote by MICN (_{X/ S) the category of ob- 
jects of MICN{X/ S) of level i, i.e., such that there exists an integer k such 
that NkE = and Nk+^E = E. Then for each q, mh^^{E ® Vt'^jy^^^^") 
lies in MICNd+e(Y/ S), and the analogous statement for Higgs modules also 
holds. 

Remark 3.6 In the case of connections, we can use the diagram 12.29. 1[ 
which computes the boundary maps of the complex E^'-'{E ® il^^y, A^.), to 
see that 

where ip is the map induced by the p-curvature. 

Example 3.7 Let /c be a field of characteristic p, S := Spec k, Y := Spec k[t]. 
If d is a positive integer, let m := d + 2, assume {p,m) = 1, and con- 
sider the hypersurface X in P"+i over 5* defined by X™ + X[" + ■ ■ ■ X^-^ + 
tXoXi ■ ■ ■ Xd+i- Once Y is replaced by a suitable affine neighborhood of the 
origin, X/Y will be smooth, and the iterated Kodaira-Spencer mapping 

{Ko/otY : H'iX, nj,/y) ^ H\X, Ox) 

is an isomorphism |26l 3.4]. Then Katz's formula fl9\ Theorem 3.2] implies 

that the iterated p-curvature mapping 

is also an isomorphism. This implies that the level of the Gauss-Manin con- 
nection on R'-h^iVL'^iy) is d. Moreover, \i d > p, the action of the center of 
Dyjs on R^h*{^l'j^^y) does not factor through the divided power neighbor- 
hood of the zero section. 
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3.2 The Cartier transform and de Rham direct images 

Let h: X/S ^ Y/S he a. smooth morphism of smooth S-schemes, endowed 
with hftings X'/S and Y'/S. We shall explain how a lifting h' : X' Y' 
of h' defines a compatibility isomorphism between the Cartier transform of 
the de Rham direct image of a module with connection and the Higgs direct 
image of its Cartier transform. 

It is convenient to work with filtered categories as described in Corol- 
lary EH If £ < an object {E,W,N.) of MICNi{X/S) can be viewed as 
an object of MICN'^{X/S) and we apply the filtered Cartier transform of 
Theorem to obtain an object {E', 9', N!) of HIGN^{X'/S). 

Theorem 3.8 Let h: X/S ^ Y/ S be a smooth morphism of smooth S- 
schemes, endowed with hftings X'/S and Y'/S. Let i be an integer less 
than p — d, where d is the relative dimension of h. Then a hfting h' : X' / S — >■ 
Y'/S of h' : X'/S —>■ Y'/S induces an isomorphism of functors (made exphcit 
below): 

% : i?'/lf ^« O C;,/s ^ Cy,s o « 

making the diagram below 2-commutative: 

MICNeiX/S) ^^'^ > EIGXi[X'/S) 



C 

MICN^UY/S) HIGN,+d{Y'/S). 

We shall construct the compatibility isomorphism of Theorem 13.81 from a 
canonical filtered double complex, a relative version of the double complex 
we used in the construction of the comparison isomorphism in Theorem 12.261 
For any {E, V, N) G MICN{X/S), define 



^%/y/s(E) ■= Fx/s* {e ® Axis ® F*xis^\'IY' ® % 
^ Fx/s* (e ® Ax IS ® ^'x/y) ® ^x' 



X/Y 
X'/Y'- 



The de Rham and Higgs boundary maps then form a double complex 



{A'^^y^g{E), d' , d), which we endow with the total filtration N. := N: 



tot 
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There is a canonical morphism 

Let us recall from the diagram 13.4. II that we have a morphism h^^'> : X*^^) — >■ 
Y and a homeomorphism i^x/y/s'- X^"^^ X\ which we will sometimes allow 
ourselves to view as an identification to simplify the notation. The terms of 
the complex A'^iyig{E)) are Fx/s* Ox-modules and the boundary maps are 
vrx/y/s*Cx(y)-linear. 

Recall from Proposition 11.121 that the lifting h' of h defines a morphism 
of filtered algebras with connection 

Then we have a morphism of filtered relative de Rham complexes: 

{E ® h*i,^Ay/s ® ^x/Y, ^ (F ® A;,/s ® ^x/Y, ^■°*)- 

Since h*jjj^Ay/s comes from Y, its p-curvature relative to Y vanishes, so for 
each j, the map 

E O h*Ay/s ® ^^x/Y Axis ® ^x/y (3.8.1) 

is annihilated by the differential: 

d': E® Axis ® ^l^/y ^ E® Axis ® ^xiy ® ^x/s^x'/y 

Let Ay/s{E) := E ® h})j^Ay/s G MIC{X/S). It follows that the maps 
f l3.8.1l) define a morphism of filtered complexes: 

a: Fx/sMyisiE) ® n'^^y, N!°') ^ {A^/y/siE), iV.*°*) (3.8.2) 

Let E' be the Cartier transform of E. Since formation of p-curvature 
is compatible with de Rham pullback (see Remark II. 8p . the map 6j^, is also 
compatible with the F-Higgs fields. Thus we have a morphism of filtered 
relative F-Higgs complexes: 

{E' ® h*Ay/s ® F^/s^x'iY', ^{E® Axis ® F*x/s^x'IY'. 
Note that there is an isomorphism of O x{Y)-v[vo(iVi\es 

T^xiYis*^^^ -^yis — h'*FY/s*^yis- 
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Since h^'^'^*Ay/s and the Cartier transform E' of E are both annihilated by 
the relative de Rham differential Ax/s{E) — > Ax/s{E) ® ^x/y^ same is 
true of the tensor product 

•^y/s{E') := E' ® TTx/Y/s* 

Thus we find a morphism of filtered complexes: 

b: iAy/s{E') ® nx,/y„ iV.*"*) - {A-;,/y/siE), iV.*"*). (3.8.3) 

We shall deduce Theorem 13.81 from the following result on the level of 
complexes. 

Theorem 3.9 Suppose that E e MICN{X/S) and N_iE = 0. Then the 
niorphisnis a and b above induce filtered quasi-isoniorphisnis 

a:FxMKl\{Ay/s{E)0nx/y),N'n - {Nt-\^x/y/s{E),N'^^) 

b:{N;i\{Ay/siE')0nx./y,),N'n - iK-iA-^/y/,{E), N^^^- 

The map a is compatible with the Gauss-Manin connections and the map b 
is compatible with the Gauss-Manin Higgs fields defined in l\3.2\) . Moreover, 
the Gauss-Manin connection annihilates the map 

E' ® VLxi/y' -^x/y/xiE) 

and the Gauss-Manin Higgs field annihilates the map 

Ex/s*E ® ^x/Y •^x/y/xi.E). 

for 

Proof: The compatibilities with the Gauss-Manin connections and fields 
are straightforward. To prove that the maps in the theorem are filtered 
quasi-isomorphisms, it will suffice to show that the maps of complexes 

a:{E-^\Ay,s{E),N.),d,) ^ {E-^\A;,/y/s{E),N.),d^) 
b:{E{\Ay/s{E'),N.),d,) ^ {E-^\A^/y/s{E),N.),d,) 

are quasi-isomorphisms. As in the proof of Theorem 12.261 we find that these 
become maps 

Gia: {GiE® S'VLY'/s®^x'iYhdi) Gi{E ® S'VLx'/s ®^x' /Yhdi) 
Gib: {Gr E' ® S'^Y'/s ®^x'/Y',di) Gt{E ® S'^x'/s ® ^x'/Y^di) 
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Working locally on X, we may identify S'Q]^,^^ with the tensor product 
h'*S'QY,^^ ® S'Q\-,^Y' Then the result follows from the filtered Poincaree 
lemma, as in Proposition 12.211 □ 



Proof of Theorem \3.8i We may assume without loss of generality that N^iE = 
0. For each q, let {E%j^, N.) := R'^hf^E with the filtration induced by the fil- 
tration A^.'^"'= of E^n'^^Y^ and let (E'^jg, N.) := R''h'^^^E' with the filtration 
induced by N"!'^'^. 

Since the pieces of Gr Ay /s consists of locally free sheaves of finite rank, 
the projection formula gives filtered isomorphisms 



{Ay/s ® E^^, N!"') = (R'^h^'^Ay/siE), N.) 

[Fy/s.Ay/s ® E'^jG, N!"') = {R'^h^'^'Ay/siE'), N.) 

where the filtrations on the right are induced by the filtration A^.'^^'^. Fur- 
thermore, these maps are compatible with the Higgs fields and connections. 
Theorem 13.91 then gives us an isomorphism 

compatible with the filtrations, connections, and Higgs fields. Since -E^^ 
and has level at most p — 1, its Cartier transform is obtained by taking 
the horizontal sections of Np_iAy/siE'^), which by the above isomorphism is 
(E'^iG^N.). 

□ 

Remark 3.10 When Y = S, the categories MICe{Y/S) and HIGi{Y'/S) 
reduce to the category of Cs-modules, and Theorem 13.81 above reduces to 
Theorem 12.261 



3.3 Derived direct and inverse images 



Let S* be a noetherian scheme of finite Krull dimension, h \ X Y a, mor- 



phism of smooth schemes over S. Let T^^^, 
X', which fits into the following diagram: 



I be the pullback of Tyy^ to 



X'^Y' 
h' 



^X' 
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Note that i'^ is a closed embedding if and only if h' is smooth. 

Let HIG{X' Y') denote the category of sheaves of /i'*S'' Ty //5-modules 
on X'. We define the derived inverse image 

Lh'HiG ■ D{HIG{Y'/S)) ^ D{HIG{X'/S)) 

to be the composition 

D{HIG{Y'/S)) ^ D{HIG{X' Y')) ^ D{HIG{X' /S)). 

Since h' is a morphism between smooth ^-schemes, h'* has bounded cohomo- 
logical dimension dimension, and so takes D\HIG{Y' /S)) to D\HIG{X' / S)). 
Similarly, for a smooth morphism h, the derived direct image 

Rh'^^^ : D{HIG{X'/S)) D{HIG{Y'/S)) 

is the composition 

D{HIG{X'/S)) D{HIG{X' Y')) ^ D{HIG{Y' /S)), 

where Ri'' sends a complex E in D{HIG{X' / S)) to 

Ri!\e) = Rnoms-T^,^^{S-h'*TY'/s,E). 

It is again true that this functor takes bounded complexes to bounded com- 
plexes. Note that Rh'^^^ is right adjoint to Lh'^jjQ. 

Let us pass to the direct and inverse images of D-modules. Proposi- 
tion 13.121 below is a reformulation, based on the Azumaya property of the 
algebra of differential operators in characteristic p, of the usual definition of 
the functors 

Lh}jj^ : D{MIC{Y/S)) D{MIC{X/S)) 

Rh^^ : D{MIC{X/S)) D{MIC{Y/S)). 

Recall that T>x/s is the sheaf of algebras on the cotangent space of X'/S 
associated to Fx/s*Dx/s- We first need the following result. 

Theorem 3.11 ([5j) Let h: X ^Y be a morphism of smooth S -schemes. 
Then the Dx/s ® D'^i ^-module Dx^y '■= h*DY/s induces an equivalence 
of Azumaya algebras on T*^,_^y' ■ 

i'lPx/s ~ h'*VY/s- 
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Proof: To prove the theorem consider Dy/s as a left module over itself. 
Remark 11.81 shows that the left action of Dx/s on h*Dyjs and the right 
action of h~^Dy/s together define a left action of 

Fx/s*Dx/s ®s-Tx,/s h'*Fy/s*D^^g, 

where S'Tx' /s acts on h'* Fyis^Dyig via z'j^ and the evident action of h'* S'Tyi /s- 
This gives us a module over the Azumaya algebra i'lT>x/s®OT* ^^y/s)"^- 
A local computation shows that this module is locally free over Ot* of 
rank ind{i'lVx/s) ' i'nd{h'*Vy/s). □ 
As a corollary, we get an equivalence of categories: 

Cx'-.Y' : Mod{CFx/s*D^^^) ^ Mod{h'* Fy/s.D^^^), (3.11.1) 

where Mod{A) denotes the category of ^-modules. Note that, since Fx/s is 
a homeomorphism, the functor 

MIC{X/S) = Mod{Dx/s) Mod{Fx/s.Dx/s) 

is an equivalence of categories. Thus the following result determines Lh*DR 
and Rh*jy^. 

Proposition 3.12 (|t5j) For any morphism h : X ^ Y there is a canonical 
isomorphism: 

Fx/s* o Lh*^^ = i'h^ o Cx}^Y' ° ^h'* ° Fy/s*- 
If h is smooth we also have 

Fy/s* o i?/if ^ = o Cx'^y o i^^'J o Fx/s*. 

Proof: We shall just explain the second formula. By definition, for any 

E e D{MIC{X/S)), we have 

Cx'->Y' ° Ri'h {Fx/s*E) = 

Homi'iFx/s*Dx/siEx/s*h*Dy/s, RHomFx/s*Dx/si'^'hFx/s*F)x/s, Fx/s*E)) = 

RHomFx/s,Dx/s(Ex/s*h* Dy/s, Fx/s*E). 
It follows then that 

Rh', o Cx'^y o Ri!^{Fx/s*E) = Fy/s*RK{RnomDx/sih* Dy/s, E)). 

When h is smooth this is the standard definition of Fy/s* o Rh^^. □ 
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As an application of the new construction of Rh^^ let us observe that 
a E E MIC{X/ S) and the Zariski closure of supp Fx/s*E C T^^^, does 
not intersect 

T*x,^Y' C T^,, then Rhf^E = 0. (This follows also from 
Proposition 12.311) . 

3.4 The conjugate filtration on Fx/s*Dx/s 

The algebra of differential operators in characteristic p, besides the order 
filtration, has another natural filtration by ideals: 

■ ■ ■ C 21, C ■ ■ ■ C Ji C Fx/s*Dx/s. (3.12.1) 

Tx = S'Tx'{Fx/s*Dx/s)- 

We shall call 03.12. ip the conjugate filtration since, as we will explain in 
fl3.17p below, it induces the conjugate filtration on the de Rham cohomology 
groups. The associated graded algebra Gt{Fx/s*Dx/s) is a canonically split 
tensor Azumaya algebra. In this section we shall study a certain filtered 
derived category of modules over the filtered algebra Fx/s*Dx/s- We will 
see how the splitting property of Gy{Fx/s*Dx/s) together with some general 
results in homological algebra lead to generalizations and simple proofs of 
some of the fundamental results of Katz, including the p-curvature formula 
for the Gauss-Manin connection. Our main application is the functoriality 
of the Cartier transform with respect to the direct images. 

The following construction plays a central role in this subsection. 

Definition 3.13 Let A be a sheaf of algebras over a scheme Z and I G Abe 
a two-sided ideal. Denote by CF{A,I) the category of (unbounded) filtered 
complexes of A-modules 

■ ■ ■ C {N'+^E\d) C {N'E\d) C---c{E\d), 
satisfying the following conditions: 

1- U.ezN'E^ = and ^ezN'E^ = 0, 

2. The filtration N' on each E^ is an T-filtration, that is: 

IN'E^ C N'+^E^. (3.13.1) 

(see also Definition \2.1b]) . 
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The X- filtered derived category DF{A, 1) is the Verdier quotient of the homo- 
topy category Ho{CF{A, I)) ofCF{A, I) by the subcategory Ho{CF^%A, I)) 
of acychc complexes. 

In tlie context of tliis definition, a filtered complex is said to be acyclic if 
for every i the complex {N^E',d) is acyclic. Recall that by the definition of 
the Verdier quotient there is a triangulated functor 

L : Ho{CF{A,I)) DF{A,I), 

such that L {Ho{CF''%A,I))) = 0. The pair {DF{A,I), L) has the following 
universal property: for every triangulated category T, the composition with L 
induces an equivalence of categories between the full subcategory of triangu- 
lated functors $ : Ho{CF{A,I)) T, such that ^ {H o{C F^%A, I))) = 0, 
and the category of triangulated functors $' : DF{A,I) —>■ T. Explicitly, 
DF{A,2) can be constructed as the category whose objects are those of 
Ho{CF{A,2)) and morphisms HomDF{A,i){^,'y) are represented by dia- 
grams 

X ^Y' 

where a and s are morphisms in Ho{CF{A, X)) and cone s G Ho{CF"-^{A, X)). 
We refer the reader to [2lj for a detailed discussion. In the case when X = 0, 
the filtered derived category DF{A) := DF{A,Q) was first considered by 
Illusie in his thesis [T3] . 

Given a filtered complex E\ we denote by E' {r) the same complex but 
with the shifted filtration: N\K {r)) = N'+^K. Let CF<i{A,X) be the full 
subcategory of CF{A,X) whose objects are filtered complexes with N^^^E' = 
0, let CF>k{A,I) be the full subcategory whose objects satisfy N^E' = 
E' , and let be CF[k^i]{A,T) the intersection of CF<i{A,I) and CF>k{A,T). 
Denote by DF<i{A,X), DF>f:{A,I), and DF[k^i-^{A,I) the quotients of the 
corresponding homotopy categories. 

Lemma 3.14 The functor c>k ■ DF>k{A,I) DF{A,I) 
has a right adjoint functor 

w>k-DF{A,I)^DF>k{A,I) : w>k{E-) = N^E' . 

The functor c<i : DF<i{A,I) — DF{A,2) has a left adjoint functor 

w<i : DF{A,I) ^ DF<iiA,I) : w<i{E-) = E'/N'+^E'. 

Moreover, w>kC>k — Id, w<ic<i ~ Id. 
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The proof is straightforward. 

Corollary 3.15 The functors c>k, c<i and C[k,i] '■ DF^kfii^^,^) DF{A,T) 
are fully faithful. The essential image of c>k consists of those objects {E', N'E') 
such that each N^E' — > E' is a quasi-isomorphism for all j < k, and the es- 
sential image of c<i consists of those objects such that N^E' is acyclic for all 
j>l. 

Proof: Indeed, for E' , E'' e DF>k{A,I) we have 

HomDC>k{A,T){E\E'') ~ Hom,DF>k{A,i){E' ,w>kC>kE'') 

~ HomDF{A,i) {c>kE', c>kE'' ) , 

where the first isomorphism is induced by w>kC>k — Id and the second 
one comes from the adjointncss property from the lemma. The proofs for 
c<i and c\k,i] are similar. If {E\ N' E') is an object of DF{A,X) and each 
N^E' — s> i?' is a quasi-isomorphism for all j < k, then the natural map 
c>kW^k{E' ,N' E') — >■ [E' , N' E') is an isomorphism in DF{A,2), so that 
{E\N'E') is in the essential image of c>k. The proof for c<; is similar. □ 

Let p : \ ^ Z he a vector bundle over a scheme Z, V the corresponding 
sheaf of sections (thus, is a locally free sheaf of Cz-modules), and let A 
be a flat sheaf of algebras over p^Oy = S'V*. Let I be the sheaf of ideals 
in A generated by V*. Denote by Gr ^ = ®j>oI^/X^'^^ the sheaf of graded 
algebras over S'V*. Since A is flat over S'V* the morphism: 

S V*®Oz^/^^Gt A, f^a — >fa (3.15.1) 

is an isomorphism and Gr ^ is a flat S"' V^*-module. Denote by D(Mod' (Gr A)) 
the derived category of graded Gr A -modules. We then have a functor: 

Gt:DF{A,I) D{Mod'{GrA)) 

{E') ^ N^E'/N^+^E'. 

— oo<j<+oo 

Let : W — > Z be another vector bundle over Z and i : W ^ V a linear 
embedding. Set B = ^ ®g.y. S'W* and T = W*B C B. Then B is a sheaf 
of algebras over S'W* and X' C B is a subsheaf of ideals. 
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Proposition 3.16 Assume that Z is a noetherian scheme of finite KruU 
dimension. 

1. The functor : DF{B,T) DF{A,I) has a right adjoint 

Rr : DF{A,I) -> DF{B,I') 

and the functor : D{Mod' {Gi B)) D{Mod'{Gi A)) has a right 
adjoint: 

Rr : D{Mod\Gi,A)) D{Mod' {Gr B)). 

2. The functor Rr takes the essential image of DF<i{A,I) into the essen- 
tial image of DF<i{A,T') and the essential image of DF>k{A,X) into 
the essential image of DF^k_a{^,X'), where d := rk\ — rfc W. 

3. For every X- filtered A complex E' , the morphism Gr RrE' Rr Gr E' 
defined by adjunction: 

Id e Hom{E\E') H om{Gr i,RrE\ Gr E') H om{Gi RrE\Rr Gi E') 
is an isomorphism. 

4. Rr commutes with the forgetful functors 

^ : DF{A,I) D{Mod{A))and^' : DF{B,T) D{Mod{B)), 

i.e. the canonical morphism "^'RrE' Rr'^E' , defined by adjunction, 
is an isomorphism. 

Proof: For (1) we use the technique from [23]. The Brown Represent abihty 
Theorem {loc.cit., Theorem 4.1.) asserts that the existence of the adjoint 
functor Rr : DF{A,2) DF{B,X') would follow if we prove that 

1. the categories DF{A,X) and DF{B,X') have arbitrary direct sums 

2. the functor z^, commutes with arbitrary direct sums 

3. the category DF(B,I') is compactly generated]^. 



^Recall that an object X e DF{B,I') is called compact if for every set of objects {Yq,} 
one has ®Hom{X, Ya) — Ho'm{X, ©Yq). A category is said to be compactly generated if 
there exists a set T of compact objects such that for every nonzero Y £ DF{B,2') there 
exists X eT such that Hom{X, Y) ^ . 
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The first two properties are immediate. Let us check the third. Given an open 
subset j : U ^ Z, denote by Bu the filtered i3-module such that N^Bjj = j\B 
for z < and N^Bu = j\{S'W*B) for i > 0. For any E' e DF{B,T), one has 

HomDFiB,j){^u{l),E-[j]) ~ R^T{U,N-'E-). 

It follows that DF{B,J) is generated by objects of the form Buil). It is 
known that for any noetherian space U of finite Krull dimension the functor 
Rr{U, ) commutes with arbitrary direct sums (see, for example [3Z])- Thus 
the objects Bu{l) are compact. 

The second claim in (1) is proven by a similar argument. 

For (2) , let e DF<i {A, I) . We want to show that w>i+iRv (c</ ^' ) = 0. 
Indeed, for every E'' G DF>i^i{B,T') we have 

Hom{E'\w>i+iRi\c<iE')) ~ H om{c>i+i E'' , Rr {c<i E' )) 

~ Hom{w<ii^{c>i+iE''),E') 
~ Hom{w<ic>i+ii^{E''),E') 
= 0. 

To prove the second statement consider the forgetful functor 

$ : DF{B,T) DF{Oz) := DF{Oz,0) 

to the filtered derived category of O^-modules. By Corollary 13.151 we will 
be done if we show that ^Rv[E') e DF>k_d{Oz) for every object E' of 
DF>k{A,X). Consider the Koszul complex 

^ A'^T ®Oz M-d) ^T®Oz ^(-1) 1,1* A 0, (3.16.1) 

where T := ker {V* — > W*), and where the X-filtration on A'"T®c'^v4(— m) 
is defined by 

N'iA'^T ®Oz Ai-m)) = A'"T 2^'""- 

Then f l3.16.ip is an acyclic complex in CF{A,X). It yields a functorial iso- 
morphism 

^Rr{E') ~ HoruAiA'T ®Oz A—)^ E') (3.16.2) 
This is the filtered complex C whose term in degree i is 



Since E'^{p) G DF>k^p{A,T) and T* has rank d, this completes the proof. 

For the last two statements, it will be enough to prove that Gr Ri'E' — >■ 
Rv Gi E' (resp. '^RvE' —>■ Rv'^E' ) becomes an isomorphism after the 
projection to the derived category of graded C^-modules (resp. the derived 
category of O^-niodules.) In turn, this follows from the Koszul computation 



Let /i : X — i> y be a smooth morphism of relative dimension d of smooth 
schemes over a noetherian scheme S of finite KruU dimension. We shall apply 
the above construction to the linear morphism 



and to ^ D T being either S'Tx' D Jx' '■= ©i>o S^Tx' or the Azumaya 
algebra Fx/s*Dx/s ^ ■= Tx'{Fx/s*F>x/s)- We then have the filtered 
derived image functors 



= RK o Ri'^; : DFiS'Tx', Jx') ^ DFiS'Ty,, Jy,) 
Rh'^'' = RK o Cx'-,Y' o : DF{Fx/s*Dx/s,Ix) ^ DF{Fy/s*Dy/s,lY) 



In particular, this gives another proof of Corollary 13.51 

Example 3.17 Consider the Dx/s-module Ox G DF{Fx/s*Dx/s-,1x) en- 
dowed with the trivial filtration. Then the filtration on 



coincides with the "conjugate" filtration. Indeed, we will construct a canon- 
ical quasi- isomorphism in the filtered derived category DF{i'^{Fx/s*F>x/s))- 



in (2). 



□ 



X'-^Y' 





Rh^ Ox G DF]^^dfi]{.Fyls*Dyls,Ty) 



{Rz'l{Fx/s*Ox),N-) 



{ml{Fx/s*Ox)X). 



where for any complex C, 




if g < -i 
Im{d'^) if q = + 1 
if g > -z + 1. 
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That is, T'C = T<_iC' , where r< is the canonical filtration. Note that by 

mm, 

Gi-"' m'lXFx/s*Ox) ^ ^"^./Y' ® Fx/s*Ox[-m]. 

Thus the result follows from the following lemma, whose proof is straightfor- 
ward. 

Lemma 3.18 Let {E',N') be a Gltered complex in an abelian category. 
Assume that the filtration is finite and that for every m 

WiGr-"" K) = 0, for every i ^ m. 

For each i, let T^E' := T'^N'^E' C N'^E' . Then the morphisms 

iE\N-)^iE\Ti,)~^iE\T) 

are filtered quasi-isomorphisms. 

Observe that the graded Azumaya algebra 

Gr Fx/s*Dx/s - {Fx/s*Dx/slW ®o^, S'Tx' 

over S'Tx' splits canonically: Fx/s*Ox ®Oxi ^'^x' is the graded splitting 
module. This defines an equivalence of categories : 

C-^-^l:D{HIG-{X'/S)) D{Mod' {Gr Fx/s*Dx/s)) 

C'^-/UE-') = E-' ®,.^^^^^{Fx/s.Ox®S-Tx'/s) 
^ E-' ®Ox, Fx/s*Ox. 

Observe that C^^^ and its quasi-inverse Cj^/g commute with Ri'l. By part 
(3) of Proposition 13.161 we have a functorial isomorphism 

C'^/s Gr FUllSE-) ^ HiC'x/s Gr E') (3.18.1) 
and its direct image to Y' 

Cy/s Rhf^'iE-) ^ Rh^'^'iCx/s Gr E'). (3.18.2) 

Let E' be an object of DF\k,i]{Fx/s*Dx/Si1x)- Then the filtered complex 
Rh^^{E') yields a spectral sequence: 

^P,<? _ HP+''{GiP Rhf^iE')) H*{Rhf^{E-)). 
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We shall call it the conjugate spectral sequence E {c.f. Example EUD. 

Assume that the conjugate spectral sequence degenerates at Ex. Then the 
quasi-isomorphism fl3.18.2p induces an isomorphism of graded Higgs modules: 

Cy,s Gr Whf\E-) ~ Whf'''iC'j,,s Gr E'). (3.18.3) 



Remark 3.19 Take E' = Ox and assume that the Hodge spectral sequence 
as well as the conjugate spectral sequence for the de Rham direct image 
degenerate at Ei. Then f l3.18.3p yields an isomorphism of Higgs modules 

Cy/s Gin R^hf^'iOx) ^ {Gip hf'^iOx'), (3.19.1) 

where Gip denotes the associated graded object with respect to the Hodge 
filtration on R^hf^{Ox') and K is the Kodaira-Spencer operator viewed as 
a Higgs field on Gip Rh^^{Ox')- This is the Katz's0 p-curvature formula 
[T9l Theorem 3.2]. See Example 13. 1 71 for an explication of the left side which 
relates it to Katz's original formulation. We refer the reader to section 14.61 
for a generalization of this remark. 

Remark 3.20 Example 13.171 can be generalized as follows. Let A be sheaf 
of algebras flat over S'V* and i : W V a linear embedding. Consider the 
functors 

DF{A,I) ^ DF{i*A,i*I) 

DF{A) ^ DF{i*A). 

This diagram is not commutative. However, we will show that for every A- 
module E with a finite T-filtration {E = N'^E D ■ ■ ■ D N^'E D N^'+^E = 0) 
the I- fihration {RrE = N-'^RvE D ■ ■ ■ D N'^RvE D N^'+^RvE = 0) is the 
filtration decalee of {RrE = RvN^E D • ■ ■ D RrN"E D RrN^'+^E = 0). To 
see this we, first, recall an interpretation of the filtration decalee convenient 
for our purposes. 

Let DF{C) be the filtered derived category of an abelian category C, and 
let DF^\C) C DF{C) (resp. DF^\C) C DF{C)) be the full subcategory 

^Let us note that, when E — Ox the iJ^-ternis of our spectral sequence correspond to 
the Er+i terms of the usual conjugate spectral sequence, after a suitable renumbering. 
'^'^In loc.cit. Katz considers also the log version of his formula. We shall not do so here. 
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whose objects are filtered complexes {E',F'E') such that, for every integer 
n, Gr" E' has vanishing cohomology in degrees greater then n + k (resp. less 
then n + k). It is known pj, Appendix], that the subcategories DF-^{C) and 
DF-^{C) define a t-structure on DF{C) whose heart is the abelian category 
of complexes C{C). In particular, the embedding DF-^{C) DF{C) has a 
right adjoint functor 

Explicitly, 

F"'{T<k{E\FE-)Y = F'^+'-'^E' + d{F"'+'-''-^E'-^), 
ii i > k and 

F™(r<fe(E',F'E'))* = F™E^ 

otherwise. 

The canonical filtration 

■•■ C T<k{E-,F-E-) C ■■■ C {E\F-E-). 

makes E' a bifiltered complex. We shall denote this bifiltered complex by 

{E^F'E'Y^" := {E\N'F'E'), 

so that {E\N~^F' E') = T<k{E\ F' E'). We then have the following gener- 
alization of Lemma I3.18[ 

Lemma 3.21 Let {E' , N' F' E') be a biGltered complex. Assume that the 
filtration N is finite, i.e. there exist integers a and b such that N°'F' E' = 
and N^F'E' = N^-^F'E' for every i > 0. Set F' E' := N^F'K. Assume 
also that, for every m, 

Gr]^™(E', A^'F'E') G DF-'^iC) n DF-'^{C), 

i.e. W{GtpGt]J^{E\N'F'E')) = 0, for every j ^ k+m. Then the canonical 
morphism 

{E\N'F'E') {E^F'E'Y^" 
defined as in Example \3.17\ is a bifiltered quasi- isomorphism. 
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We omit the proof. 

We apply the Lemma to the bifiltered complex {Ri'E, N' F' Ri' E) , where 
Nkpmj^-\^ = N''Ri-c>mW>mE^. By f l3. 16.21) . 

Gr^ Gr^*" Ri'E ~ a'^+^T* (^Oz Gt'' E[-k - m]. 
Thus we get a canonical bifiltered quasi-isomorphism 

{RvE,N'F'Ri-E) ^ {RrE,F'Ri-Ef''\ 

3.5 The derived Cartier transform. 

Let X / S he a, lifting. For any k and I with I — k < p, the Cartier transform 
yields equivalences of categories 

'^x/s 

DF[kfi{Fx/s*Dx/s,^x) — ^ DF[k,i]{S Tx',Jx') 
Cxis{E\N-E-) = {Cx/sE\CxisN-E-). 

Theorem 3.22 a) Let h : X —>■ Y be a morphism of smooth schemes over 
S. Then, for any integers k and I with I — k < p, a hfting h' : X' ^ Y' of h' 
induces an isomorphism: 

Lh*^j^oCyjg = C^^igoLh'^jQ : DF[kfl{S Ty',Jy') DF]j,^^{Fx/s*Dx/Si1x)- 
b) If in addition h is smooth of relative dimension d and I — k — d < p, then 

— CyjgoRh'^^^^ : DF[k^i]{S Tx',Jx') DF[k-d,i]{FY/s*DY/s,lY)- 
Proof: a) Define an equivalence of categories 

DF[,j]{t':{S-Tx'),j;c') ^ DF[,^i]{z':iFx/s.Dx/s),rx) 
to be the composition 

" Precisely, {RvE,N' RvE) is defined as Ri'{E, N- p- E), N'^F'^'E = ]^raax(k,m)^ 
in the bifiltered derived category of y4-modules {E' ,N'F'E) such that IN^F^-E' C 

^fc+l pm p- _ 
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where : DF[k,i]{iUS'Tx'), Jj,,) ^ DF^kfiiihiS'Tx'), J^,,) is the involution 
defined in f l2.7.2p and Aix/s is the tensor product with the sphtting module 
Fx/s*Sx/s'- 

Mx/s{E\N-E-) = {E- Fx/s*Bx/s,N-E- 0^^^,^^ Fx/s*Bx/s). 

Similarly, the splitting module h'*FY/s*By/s yields an equivalence of cate- 
gories 



DF[kfi{h'*{S-TY'),h'*JY' 



DFwn{h'*{FY/s*DY/s)^ h'*TY] 



Lemma 3.23 A morphism {h,h'): X /S y /S induces an isomorphism of 
functors 



C 



Y 



C^i^^ o Cx' 



xjs — ^y/s 



DF[k,i]{ihiFx/s*Dx/s),^x) 



Cx' 



X'^Y' 



DFik,i]{h'*{Fx/s*DY/s),h'*XY] 



r^Y 



r^x 



Proof: Recall from Proposition 11.121 that a morphism {h,h'): X / S ^ y / S 
induces an isomorphism 



h*Ay/s — > l-Lomp,^^^^.j,^^^^{h*FY/s^'TY'/s,-Ax/s)- 
Dualizing this isomorphism, we find an isomorphism of Dx/s-Kiodules 

Bx/s — h*By/s- 
With the notations of Theorem I3.1H we have 

Fx/S*h*By/s — Fx/S*Dx^Y ®h"-FY/s*DY/s h'*FY/S*By/s- 



FY/sh'*TTY'/S ®F*/gfT^,/5 '=>x/s 



94 



Thus we get an isomorphism of sphtting modules for h'*TTY'/s ^s't^i/s 
Fx/s*Dx/s'- 

h'*TTY'/s ®rTx>/s ^x/s*^x/s — Fx/s*Dx^y ®h'*FY/s,DY/s h'* FY/s*By/s- 

(3.23.1) 

By definition, the functor (C'^/^)"^ is the composition of the involution 

and the tensor product over /i'*rTy//5 with the left-hand side of (13.23. ip . 
and the functor (C^^^ o Cx'-,y')~^ is the composition of and the tensor 
product with the right-hand side of (13.23.11) . Thus, (13.23. ip induces the 
desired isomorphism (C'^/^)^^ — (C'y/^ ° Cx'-.y')~^ ■ n 

Let us return to the proof of the theorem. Observe the natural isomor- 
phisms of functors: 

Lh'*o{Cy/sY^ ^ {C§/sy^oLh'* and 



Hence, by Lemma 13.231 

LhhRoCyj^ ^ AACx'^y')-'oLh'*oCy]s ^ z',MCx'^Y')-'°iC^/sr'°Lh'* 
This proves part a) of the Theorem. 

b) By Lemma 13.231 it remains to construct an isomorphism of functors: 

Ri'hCx/s - Cj^/s^^'h '■ DF[k,i]{Fx/s*Dx/s,'Ix) F>Fyk-d,i]i}'h{S'Fx'), J'x')- 

(3.23.2) 

Let E- e DF^uA{Fx/s*Dx/sax) and E" e DFik-d,i]ii':{S-Tx'), j;,,). We 
then have functorial isomorphisms 

Hom{E'-,m'^-C;,/s{E-)) ~ Hom{C~]/^,E'- , E') ~ 

Hom{i'UCl,sr'E'\E-) ^ Hom{E'\C),/sR^^{E-)). 
By the Yoneda lemma this yields (13.23.21) . □ 
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Remark 3.24 In the absence of the hfting of h' the theorem can be modified 
as follows. Let Ch' be the h'*TY' /5-torsor of liftings of h' and let exp Ch' be 
the pushforward of Ch' via the homomorphism 

exp : h'*TYi {h'*rTY')* ■ 

Thus exp Ch' is a (/i'*f Ty/)*-torsor. We denote by ICh' the corresponding 
invertible module over h'*TTY'- Define an autoequivalence 

Tw : Mod{h'*TTY') Mod{h'*TTY') 

Th'{E) = E ^^''tTy, ^h'- 

Then, with the notations from the proof of Theorem 13.221 one has 

JCh' ®fTjf,/g Fx/s*^x/s — Fx/s*Dx^Y ^h'Ty/s^Dy/s h'* FY/s*^y/Sj 

F>F\k^i^{S Ty'.Jy') F)F[k^i]{Fx/s*F>x/s,^x) 
and if h is smooth of relative dimension d and I — k + d < p 

F>F[kfi{S Tx',Jx') F>F[k-d,i]{FY/s*F>Y/s,^Y)- 

Corollary 3.25 Let h : X Y be a smooth morphism of relative dimension 
d and let E' be an object of D{HIG'^j, ^{X' / S)). Assume that I — k — d < p 

and that there exists h' : X' ^Y' . Then the conjugate spectral sequence for 
H*{Rh'^\C-)sK)) degenerates at Ei. 

Proof: We have 

Rh^'^iE') ^ Rh^'^iGi E-) ~ Gr Rh^'^iE'). 

Here the first isomorphism comes from the grading on E' and the second 
one from (3) of Proposition 13.161 It follows that the spectral sequence of the 
filtered complex Rh^^^{E') degenerates at Ei. Then by Theorem 13.221 the 
same is true for Rhf^{C~^^^E'). □ 
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4 Applications and examples 



4.1 Local study of the j9-curvature 

Let X/S be a smooth morphism of schemes in characteristic p > and let 

m : MIC{X/S) F-HIG{X/S) (4.0.1) 

denote the functor taking a module with integrable connection to the corre- 
sponding module with F-Higgs field. This functor is not an equivalence or 
even fully faithful. For example, the category of pairs (OV) with vanishing 
p-curvature is equivalent to the category of invertible sheaves L on X' to- 
gether with a trivialization F^j^L = Ox- However, we show that if {Ei, Vi) 
and {E2, V2) are two noetherian objects of MIC {X/S) with isomorphic im- 
ages in F-HIG{X/S), then Zariski locally on X, Vi) and (i?2, V2) are 
isomorphic. Moreover, we can characterize the image of the functor etale 
locally on X: if ip is an F-Higgs field on a coherent E, then etale locally on 
X/ S, ip comes from a connection if and only if {E, ip) descends to a Higgs field 
on X'/S. Taken together, these results can be interpreted as a nonabelian 
analog of the well-known exact sequence [221 4.14]. 

n /-o* ^^^^ T? m* '^'■"^ T? 7^ ■^*-Cx/s ^1 

U " Ux' t'x/s*'^x " ^x/s*^x/s " "x'/s " U, 

where Cx/s is the Cartier operator and vr: X' — > X the projection. Indeed, 
one can recover this sequence by considering the category of connections of 
the form {Oxid + uo), where a; is a closed one- form, and recalling that the 
p-curvature of such a connection is precisely vr*(co') — Cx/si}^)- 

Theorem 4.1 Let X/S be a smooth morphism of noetherian schemes in 
characteristic p. 

1. Let {Ei,Vi), i = 1,2, be objects of MIC{X/S), with E, coherent, 
and let ipi denote their p-curvatures. Suppose that there exists an 
isomorphism h: {Ei,ipi) {E2,ip2) in F-HIG{X/ S). Then Zariski 
locally on X, {Ei, Vi) and {E2, V2) are isomorphic in MIC (X/S). 

2. Let E be a coherent sheaf with an F- Higgs field ip: E E^F^ig^^i jg- 
Then etale locally on X, the following are equivalent: 

(a) There exists a connection on E whose p-curvature is ip. 
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(b) There exist a coherent sheaf with a Higgs field {E' ^ip') on X'/S 
and an isomorphism {E^ip) = F^^g{E',tp'). 

Proof: To prove (1), let H := Hom(i?i, E2), with the internal Horn connec- 
tion and p-curvature. Let H"^ C if be the subsheaf annihilated by ip, and let 
Fx/s*{H^) be the subsheaf annihilated by V. Then by Cartier descent, the 
natural map F^^gFx/St,H^ is an isomorphism of Ox-modules. 

Let X be a point of X, and let x' be its image in X' . Then k{x) is a finite 
and purely inseparable extension of k{x'). The fiber V' := {Fx/s*H^){x') of 
Ex/s*H^ at x' is a finite dimensional fc(x')-vector space, the fiber V := H'^{x) 
of at X is a finite dimensional fc(x)-vector space, and the natural map 
k{x) ®k{x') V"' ^ \^ is an isomorphism. There is also a natural map V — *• 
Homfc(^.)(i?i(a;), i?2(a;))- Let V be the affine space over k{x) corresponding 
to the fc(a;)-vector space V , and let U denote the Zariski open subset of V 
corresponding to those elements which define isomorphisms Ei{x) E2{x). 
The isomorphism h lies in and hence its image h{x) in V corresponds to a 
/i;(x)-rational point of U. Let V be the affine space over k{x') corresponding 
to v. Then V is the base change of V to SpecA;(a;), and since k{x') —>■ 
k{x) is a purely inseparable extension, the projection mapping V — V is a 
homeomorphism and the image U' of U in V' is a nonempty open subset. 
If k{x') is infinite, it follows that the fc(x')-rational points of V are Zariski 
dense, so U' has a fc(x')-rational point. If k{x') is finite, it is perfect, and 
it follows that k{x) = k{x'). Thus in either case there is an element v' in 

V which induces an isomorphism Ei{x) — > E2{x). Then there exists an 
element g' in the stalk of the Cx'-niodule Fx/s*H^ at x' whose image in 

V is v'. Let h' := Fx{g'), which defines a horizontal morphism Ei E2 
in some neighborhood of x. The fiber of h' at x is an isomorphism. We 
know that Ei^^ and £'2,^ are isomorphic as Ox.x-modules, and in particular 
their reductions module any power of the maximal ideal have the same finite 
length. It follows from Nakayama's lemma that h' is surjective modulo any 
power of the maximal ideal, and hence is also an isomorphism modulo any 
such power. Then it follows that h' is an isomorphism in a neighborhood of 
X. This proves (1). 

We should remark that (1) could also have been proved from the theory 
of Azumaya algebras; we preferred to explain the elementary proof above. 
We do not know of such an elementary proof of (2). Note first that since (2) 
is a local statement, we may assume that there exists a spitting ( of C^^^ as 

in (^m>. 
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Suppose that {E\ip') is an object of HIG{X' / S), with E' coherent as an 
Ox'-module. Let E' denote the coherent sheaf on T^,^^ corresponding to 
[E'jip') Let i': Z' ^ Tx'/s be the closed immersion defined by the annihi- 
lator of E' in Ot* ■ Since E' is coherent as a sheaf of Ov'-modules, Z' is 

finite over X', and hence the etale covering a^: Tx'/s T^x'/s sphts over 
Z', etale locally on X'. Thus, after replacing X' by an etale localization, we 
may assume that there exists a map j' : Z' —>■ T^^^ such that o j' = i' . 

Let E" := E' , which corresponds to an object of HIG{X'/S). 

Then E' = i'J'*E' = a^J'J'*E' = a^,E". Let (E, V) := ^^^^E'^ip') (see 
Theorem 12.131) . By op. cit., the p-curvature of (-E, V) is F^igac^^{E" ,ip") = 

Fx/siE\^'). 

Conversely, suppose that (-E, V) is an object of MIC{X/ S), with E co- 
herent as an Ox-module. Its p-curvature defines an object {E, ip) of F- 
HIG{X/S), and hence a coherent sheaf E on T^^^^ := YF^^gTx'/s (see 
diagram (12.1. ip ). The claim is that there exists a coherent sheaf E' on Tx'/s 
such that n^{E') = E. Since Fx/s*E is coherent as an Ox'-module, the 
scheme-theoretic support Z' of ttt* is finite over X', and there exists a sec- 
tion j' of over Z'. If we view £' as a module over S'^Tx'/s via j'", then 
the action of S'^Tx'/s agrees with the action of S'Tx'/s, and so the action 
of Dx/s on E extends to an action of D^. Let E' := HomT>^{B(^, E), corre- 
sponding to an object (^',^') G HIG{X'/S). Then (E, V) = ^^^(E',^'), 
so {E,i)) = F*^jg{ai^,{E\i)')) in F-HIG{X/S), by Theorem EIS □ 

4.2 Stacks of liftings and splittings 

In this subsection we discuss relationships between and geometric interpre- 
tations of some of the liftings and splittings used in our constructions. In 
particular, we show that there is a natural equivalence between the gerbe of 
liftings of X' and the gerbe of tensor splittings of T>x/s over the completed 
divided power envelope T^,^^ of the zero section of T*x'/s- 

First we shall study the gerbe of sphttings of the Azumaya algebra T>x/s 
on T*x'/s- R-scall from [22] and [9] that the equivalence class of this gerbe 
can be viewed as the image of 'Dx/s in the cohomological Brauer group 
i/^(T^y^, O^, ^ ). Our first goal is to provide a simple description of this 

cohomology class. 

Recall from 122, 4.14] that for any smooth Y/S there is an exact sequence 
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of etale sheaves on Y': 

O^O^y,^ Fy/s.O*y ^ FyisXris ^^^^^ ^\us — 0. (4.1.1) 

Here Fy/^^Z^^^ C FyjsS^is is the subsheaf of closed one-forms, Cy/5 is 
the Cartier operator, and T^yjs : 1^' — > 1^ is the morphism induced by the 
Frobenius on 5*. As we observed in section 14. 1^ the morphism vTy^^ — Cyjs '■ 
Fyis^Zyjg /s '^^'^ viewed as the map sending the hne bundle Oy 

with integrable connection V = c? + u; to its p-curvature. The exact sequence 
14.1.11 induces a morphism: 

: H\Y\n}y,,s) ^ H\Y\Fy,s.{0*y)/0*y,) H\Y',0*y,) = Br{Y'). 

As we shall recall below, the cotangent bundle of X' / S has a canonical global 
one-form (the "contact form"). We shall see in Proposition 14.41 below that the 
Brauer class of "Dx/s can be identified with the image of this one-form under 
the map 0. We begin with the following convenient geometric description of 
the map (f). 

Proposition 4.2 Let uo' G H^{Y\VLy, jg) he a one-form. For each etale 

U' Y', letU ■= Fyj^iU') Y and let Vl {U') be the groupoid ofinvertible 
sheaves with integrable connection on U whose p-curvature is equal to u'. 
Then, V^, forms a fibered category which is in fact a gerbe under Oy, on Y' . 
The class ofV^ in H\Y', 0*y,) is equal to (p{uj'). 

Proof: It is clear that "P^, forms a stack and that the automorphism group 
of each object is Oy,. The local surjectivity of tt^^^ — Cyjs implies that the 

class of objects of "P^, is locally not empty. If Li and L2 are two objects of 
Vl^i over some f/', then the p-curvature of Tiom^Li, L2) is zero, and hence 
locally has a horizontal basis. This implies that any two objects of V^, are 
locally isomorphic, so that V'^, is indeed a gerbe. 

The boundary map associated to the exact sequence 

Fy/s*{OY)/Op, ^ Fy/s^^Zy^g >- ^yi/g " 

takes u' to the {Fy/s*Oy)/Oy,-toTSOT 7^/ of closed one-forms r] such that 
'^Y/s^ ~ ^Y/siv) = The boundary map associated to the exact sequence 

0^O*y,^ Fy/S.{0*y) Fy/S.{0*y)/0*y, ^ 



100 



takes 7^/ to the gerbe G^^/ of Fy/5*(Cy)-torsors £ equipped with an isomor- 
phism (x: L ^ 7^', where L is the (Fy/5^,Oy)/(9y,-torsor associated to £. 
Hence = G^^/, and it will suffice to prove that G^i is equivalent to V\,. 

Let L be an object of G^i over f/', let L be the associated invertible sheaf over 
?7, and let e be a local section of £, z.e., a basis for L on some open subset 
V of U . There is a unique connection V on L such that V(e) = e® a{e). It 
follows from the fact that a is a morphism of torsors that V is independent 
of the choice of e, and it is clear that the p-curvature of V is lo' . This con- 
struction defines a functor from the gerbe G^i to P^,, which is easily seen to 
be an equivalence. □ 

Remark 4.3 In the context of the above proposition, the form lo' gives a 
morphism i -.Y' ^ '^y/s'-' ^"^^ '^t' gerbe of splittings of the Azumaya 

algebra i*VY/s on Y' . 

Let us write T* for T^y^, and recall that there is an exact sequence 



— s> pr*VL 



x/s 



(4.3.1) 



Furthermore, T* = Specj^^ S'Tx/s, so that there is a canonical global section 
of pr^,pr*fl]^^g = ^x/g ® S'Tx/s, corresponding to the identity element of 
EndTx/s- The image of this section in well- 



'X/S 



known "contact form" on the cotangent bundle. 



Proposition 4.4 ([5J) Let u' G r(T^,y^, fi^, ^ ) be the contact form and 
let V'^/ be the corresponding Gm-gerbe on T^,^^ described in Proposition \4.2[ 

Then the gerbe V^, is equivalent to the gerbe S of splittings of the Azumaya 

is 



algebra Vx/s on T^,^^. 



In particular, the class of Vx/s In Br{T*^,^g) 



Proof: We have a diagram 

^X/S " 



^X/S " ^X'/S 



■x/s 
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in which both squares are Cartesian and -Ft*/5 = vtt o Ft*/x- We identify 
the pullback of T^^^ by Fs with T^,^^ and use abbreviations: 

-■- -"-x/S' -■- -"-x'/S' -■- ^x/s- 

Let [/' ^ T*' be etale, let U T* (resp. U") be its pullback via Ft*/s, 
(resp. via vry). Let V) be an object of P^,(f/'), i.e., an invertible sheaf 
with integrable connection on U/ S whose p-curvature is u'. The connection 
V defines an action of Dt*/s and hence of the subalgebra Dt*/x on L. 
Since the projection of u' to is equal to 0, the p-curvature of the 

corresponding object of MIC{T* /X) vanishes. Let 

L' := HaniL (g) ^t^/x) ■= Ker {l — ^ L (g) J1t*/s ~^ L ® pr*!]^*/^) • 

Then L' has a natural structure of a sheaf of Ox'^-modules on f/", and 
it follows from Cartier descent that the natural map F^^^^L' ^ L is an 
isomorphism. Furthermore, V induces a map V: L' —>■ L' (g) pr*^^^^, which 
defines a pr'^Dx/s-'^odvle structure on L' . (This is essentially the Gauss- 
Manin connection for the morphism T* — X.) The p-curvature of this 
module is still given by the contact form uj' , which means that the action of 
sections of Ox*' via the p-curvature is the same as the action via the map 
T'* — >■ T*' and the given (9T'*-structure. This means that we can safely view 
the pr~^Dx/5-module structure and the (9T'*-niodule structure as defining 
a Px/s-Kiodule structure on V . Since L' is an invertible sheaf on T'*, it 
has rank p"' over T*', and thus defines a splitting module for the Azumaya 
algebra Vx/s- Thus we have defined a functor Vuj' — > 5. It is clear that 
this functor is fully faithful, since the automorphisms of objects in either 
category are just give by units in Ct*'- On the other hand, suppose that M 
is a splitting module for Vx/s- Then viewing Ox — > T^x/s via the action 
on the left, we can view M as a module over T'*, and by Proposition 12.31 
it then becomes an invertible sheaf of Ot'* -modules. Since the (9T'*-niodule 
structure of M comes from its p-curvature, the p-curvature of M is just the 
contact form uj' . A local calculation shows that there is a unique extension of 
the action of "Dx/s on ^ to an action of Dt^*/s on F^^^j^M with the property 
that M is the annihilator of Dt*/x- This shows that the functor P^, — > S 
is an equivalence. The statement about the Brauer group then follows, as 
explained in [22] . 

□ 
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In this following discussion we will assume that the reader is acquainted 
with the notion of tensor structure on an Azumaya algebra introduced in 
section 15.51 In particular, we explained there that the algebra Vx/s has a 
canonical symmetric tensor structure. Let us consider the following stacks 



on X',,. 



1. The stack C of liftings of X' . 

2. The stack TSV of tensor splittings of Vx/s over the completed divided 
power envelope Tp'y^ of the zero section of T^y^. 

3. The stack SVi of pairs (Mi, a), where Mi is a splitting of Vx/s over 
the first infinitesimal neighborhood of the zero section of T^y^ and 
a : i*Mi ~ Fx/s*C>x is an isomorphism between the restriction of Mi 
to the zero section and the canonical splitting over X'. 

4. The stack SX of extensions of FJ/^fi^,/^ by Ox in MIC{X/S) such 



X/S^^X'/S 

X/S^'X'/S ~^ X/S^'X'/S 



that the graded p-curvature mapping : F^/s^x'/s ~^ Ox®F^/s^^ 
is the identity. 



In the discussion preparing for Theorem 12.81 we constructed a functor 
B associating a tensor splitting Bx/s to a lifting X' of X'. Furthermore, 
recall that X' determines an extension (11.4. ip as in (4), so that we also have 
a functor S: C ^ £X. Recall that for any tensor splitting M there is a 
canonical isomorphism a : i*M ~ Fx/s*C>x, and hence there is a restriction 
functor il : TSV SVi. The dual of an extension in £X is an object of 
SVi, so there is also a functor from £X SVi. This functor is easily seen 
to be an equivalence. The following theorem, shows that in fact all the above 
functors are equivalences. 

Theorem 4.5 The stacks above are in fact gerbes, and the functors 

B:C^TSV, tl: TSV ^ SVi, and S:C^SX 
are equivalences. 

Proof: It is clear that C and SVi are gerbes. The fact that is an equiva- 
lence is proven in Proposition 15.301 and it follows that TSV is also a gerbe. 



^^Note that the etale topologies of X, X', and T^^^ are the same 
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Thus, it suffices to prove that the composition o i3 : £ ^ SVi is an equiv- 
alence. Let us show that, for any hfting X', the group of automorphisms of 
X' reducing to the identity on X' maps isomorphically to the group of auto- 
morphisms of {ilBx/s,a). Indeed, the first group can be identified with the 
group of vector fields on X' , and the second one with the group of invertible 
functions on X[ equal to 1 on X', and the map is the obvious isomorphism 
between this two groups. The following easy and well known result completes 
the proof. 

Lemma 4.6 Let F : M. ^ M he a morphism of gerbes on Y^f Assume that 
for every etale morphism U ^ Y and every object C G M.{U) the induced 
map 

: Aut{C) Aut{F{C)) 
is an isomorphism. Then F is an equivalence of gerbes. 

□ 

Let 9 G Tx'/siU) be a vector field on [/ C X' . We may view 6' as a linear 
function on the cotangent space T^^^. Then the exponential exp{6) = X] ff 
makes sense as an invertible function on the completed PD envelope C 
T^y^. Thus we get a homomorphism of sheaves: 

exp : Tx'js ^ C't*^ = {^^x'/sY- 

x'/s 

This, in turn, gives a map: 

exp : H:,iX'; Tx'/s) - K.iX'; O'^.. ). 

x'/s 

In the following corollary we use TF^^^Tx'/s -module structure on Bx/s 
as introduced in subsection [2l 

Corollary 4.7 1. Let 9 G H'^{X', Tx'/s) be an automorphism of a lifting 
X jS reducing to the identity on X' . Then the induced morphism 

9* : Bx/s — ^ Bx/s 

is the multiphcation by F^,g{exp9) G (TF^,gTx'/s)* ■ 
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2. Let {X/S)i, {X/S)2 be liftings, and let Cm be the Tx'/s-torsor of iso- 
morphisms between Xi and X'2 reducing to the identity on X' . Denote 
by exp Cjd the corresponding O*,^ -torsor and by ICjd the correspond- 

x'/s 

ing invertible sheaf on T^y^. Then the isomorphism of F^^gTx'/s- 
torsorsCx/s^'S)F^^gTx//s^x/s^id - ^x/s^ induces a tensor isomorphism 
of splitting modules 

3. The class of the Azumaya algebra Vx/s restricted to T*x,/g in the 
cohomological Brauer group Br(T*j^,^g) = H^^{X'; O^*-, ) is equal to 

exp 6, where S G H^^{X'; Tx'/s) is the obstruction to lifting of X' over 
S. 

Proof: Since 6^, and exp 6 are tensor automorphisms of Bx/s, by Theorem 
14 .51 it is enough to check that 9^ and exp 9 are equal when restricted to ilB^/s- 
In turn, this follows from the fact that the automorphism of C^/s induced 
by the automorphism of the lifting X/S coincides with the translation by 
F^lg9 G H^{X, F^^gTx'/s)- This proves (1). The proof of the second claim 
is similar, and the last claim follows from Proposition 15.321 □ 

Remark 4.8 The construction of the tensor splittings in the proof of Propo- 
sition [532] can be viewed in the present setting as follows. Let expCx/s be 
the pushforward of the F^j^Tx' /s-^oisoi Cx/s via the homomorphism 

exp : F*x/sTx'/s {tF*xisTx'/sy- 

The (rFJ^^Tx'/s)*-torsor exp Cx/s acquires the induced connection, as does 
the associated invertible f F*Tx'/s-module exp Cx/s® [fp* ^t^, g)*^^x/s^^' /s- 
We then have a horizontal isomorphism 

Bx ^ exp Cx/s ®{fF*/gT^,/s)* ^Px/sTx'/s- 

Let us end by explaining the relationships between the various liftings, 
splittings, and extensions we have been considering. Consider the exact 
sequence of Cx'-modules: 

Fx/s*Bx/s " Fx/s*Zx/s ^ Fx/sM\,r{X / S) 0. 
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A splitting of this sequence amounts to lifting ( of C^/^g as in fll.9.21) . Let 
Mx/5 denote the sheaf on X which to every open set U assigns the set of 
liftings of over U. If U is an open subset of X, let Ijx/s{U) denote 

the category whose objects are morphisms F : U ^ U' lifting the relative 
Frobenius morphism Fu/s'- U ^ U' and whose morphisms Fi —>■ F2 are 
commutative diagrams 




where / and /' reduce to the identity modulo p. In particular, / and /' are 
necessarily isomorphisms, and Lix/s defines a stack over S. As a variant, 
consider the stack 3x/s which over each U is the category whose objects are 
pairs (f/',s), where U' is a lift of U' and s is a section of the torsor Cu/s 
defined by U' as in Theorem 11.11 and whose morphisms are those reducing 
to the identity and compatible with s. If we are given a fixed lifting X'/S 
of X'/S, then we can also consider the fibered category h^/s which to every 
open set U in X assigns the category of pairs {U, F), where [/ is a lift of U 
and F: [/ — X' is a lift of fu/s- Morphisms in this category are diagrams 
as above, in which /' is the identity. If f/ is a fixed lifting of U, recall that 
^^x/siU) is the set of all liftings of fu/Si so there is a natural map from 
i^x/s to the sheaf of objects of 1jx/s- Finally, if : 5^ — *• 5 is a lift of the 
Frobenius endomorphism of S we can define a more rigid version of L^/s- If 
U is an open subset of X, let 'Kx/siP) denote the subcategory of 'Lx/siP) 
whose objects are liftings F: U ^ U' of Fu/s with U' = S x U and whose 
morphisms are diagrams as above with f = f id^. 

Proposition 4.9 Let hx/s denote the sheaf associated to the presheaf of 
isomorphism classes of objects ofLx/s> ^nd use the analogous notation for 

1. The stack 3x/s is rigid, and the natural map Lx/s 3x/s induces an 
isomorphism Lx/s Jx/s- 
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2. The map 111.9.3]] F (p, induces an isomorphism Lx/s ~^ ^x/s ^ind 
hence also 3x/s — ^x/s- 

3. The natural map Cx/s,x ^ La'/s is an isomorphism. 

4. If Fg liRs Fs, then ICx/s is rigid, and if S is the spectrum of a perfect 
field, then F \^ (p induces an isomorphism Kx/s ~^ ^x/s- 

Proof: The following lemma follows from standard deformation theory and 
Remark II .21 we omit its proof. 

Lemma 4.10 Let X and X' be liftings of X and X' respectively. Then 

1. The sheaf of liftings F : X X' of Fx/s Is a torsor under F^^gTx'/s, 
under the standard action. 

2. IfFi and F2: X ^ X' lift Fx/s and differ by a section h' of f*^jgTx' /s, 
then Fi is isomorphic to F2 in hx/s If and only if h' comes from a 
section ofTx'/s- 

3. If f is an automorphism of X lifting the identity, then F o f = F; if 
/' is an automorphism of X' lifting the identity such that f'oF = F, 
then f = id. 

4. The sheaf of automorphisms of an object F of hx/s Is canonically 
isomorphic to Tx/s- 

□ 

Suppose that (f/', s) is a section of ix/s over U . Then, locally on U , there 
exists a lift U of U and a lift F: U ^ U' inducing s. Then an automorphism 
/ of ([/', s) corresponds to an automorphism of U' reducing to the identity 
and such that f o F = F. By Lemma [4.10[ / is the identity, i.e., J is rigid. 
It follows that the natural functor Lx/s ~^ Jx/s factors through Lx/s, and 
the above argument makes it clear that this morphism is surjective. The 
injectivity follows from the definitions. 

It follows from the lemma that Lx/s is a torsor under 

C := Cok(rx'/5 Fx/s*Fx/sTx' /s) — '^omiVt^, B\, 

where 

{Fx/s*Ox)/Ox' = B\ig C Fx/s^\:/s 
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is the sheaf of boundaries. The sheaf M^/s is also naturally a torsor under 
TiomiQ}^, Fx/s*B\^lg), and the map F (p factors through Lx/s- 

Lx/s Mx/s ■ F Cf- 

This map is a morphism of torsors, hence a bijection. Now suppose that Fg 
exists and suppose that F is an object of K.x/s{U). Then an automorphism 
of F is a an automorphism f oi U lifting idu such that f'F = Ff. where 
f '■= f X p. id. But then it follows from the lemma that / = id, so Kx/s is 

rigid and its presheaf of isomorphism classes is a sheaf. Let Fi and F2 be two 
objects of Kx/siU). After shrinking U, Ui and U2 become isomorphic; let us 
assume they are equal. Then Fi is isomorphic to F2 if and only if there exists 
a lifting / of the identity such that F2 = f'Fif-\ But fFJ-^ = f'Fi, and 
if / corresponds to an element D of Tx/k, f'Fi differs from Fi by the action 
of 7i*D. This shows that K.x/s is a torsor under the cokernel of the map 

T^^Tx/s " Tx'/s Fx/s*Fx/sTx'/s- 

When 5* is the spectrum of a perfect field, vr* is an isomorphism, and it 
follows that Kx/s is also a torsor under C. 

Statement (3) can be checked at the stalks. Let x be a point of f/ C X 
and let f/i be a liftings of U. Then the stalk of Cx/s,u = /^xjs Oi ^ 
set germs at x of lifts of fu/s to Ui, and the stalk of hx/s at x is the set 
of germs of isomorphism classes of of lifts {U2,F) of fu/s- Let F: f/2 — > X' 
be a lift of fu/s in some neighborhood of x. Then there is an isomorphism 
Ui = U2 near x, and this shows that the map is surjective. For the injectivity, 
observe that if F and F' are elements of Cx/s{Ui) which become equal in 
'Lx/s,Ui then there is an automorphism of JJi which is the identity mod p 
and which takes F to F' . But then by Remark II. 2 [ F = F'. This shows the 
injectivity. □ 

4.3 Line bundles with connection 

We use the following notation. If X is a scheme over a field k, E is a. coherent 
sheaf of Ox-modules on k, and S" is a fc-scheme, 

U\X,E){S) ■.= H%S,Os) 0kH\X,E). 
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If H'^{X, E) is finite dimensional, the functor H*(X, E) is represented by the 
(vector) /c-scheme Spec 5"' if* (X, 

Let X/ be a smooth proper geometrically connected scheme over a per- 
fect field of characteristic p > 0, with a fc-rational point xq. Let Pic^(S') 
denote the set of isomorphism classes of triples (L, V,a), where L is an in- 
vertible sheaf on X x S*, V is an integrable connection on L relative to 5, and 
a is an isomorphism L = Ox over xq x 5*. Forgetting V defines a morphism 
b from Pic^x Picard scheme Picx of X. If L is an invertible sheaf on 

X X S, the set of integrable connections on L is either empty or a torsor 
under the group H°(X, -Z'j^xs/s) closed one-forms on X x S/S. Note that 
formation of the latter commutes with base change and that H^{X, Zj^^f^) = 
H\X',F,Z\/^). Thus H\X,Z\^sjs) ^ H0(X', The Chern 

class map dlog: Ox — ^ ^x/k defines a morphism c: Picx — > ii^{X, Z^/fJ, 
and there is thus an exact sequence: 

^ H°(x, zi/,) — . Pic^ ^ Picx — n\x, Zi/,). 

The proof of the following is then immediate (and well-known). 

Proposition 4.11 The above sequence is exact as a sequence of sheaves in 
the Hat topology. Furthermore, the functor Pic^ is representable, and its 
tangent space at the origin is canonical isomorphic to H^^{X/k). 

□ 

If (-C/, V) is an object of Pic^(S'), its j9-curvature can be viewed as an 
element of H^{X' x S", fi^,^^y^). This defines a morphism of group schemes 

ip: Pic^ H°(X', f2^,y^,). If L' is an invertible sheaf on X' x S* trivialized 
along x'q X 5, then {Fx/s x ids)*Iv is an invertible sheaf on X x S*, and we can 
equip it with its canonical Frobenius descent connection to obtain an element 
of Pic55f(5'). This defines a morphism of group schemes 0: Picx' Pic^- 
An element in the kernel of h is given by an integrable connection on OxxSi 
relative to S i.e., a closed one-form uj G ^xx5/5' the p-curvature of 
the corresponding connection is t^xxs/s^'^) ~ ^xxs/siy^)) where Cxx/s is the 
Cartier operator [191 ]• Thus there is a commutative diagram: check ci- 

tation 
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Picx 



(4.11.1) 



H {X ,flx'/k), 

where T^x/k composition: 

Zx/k) H°(X, ^Ix/k) 

H\X', = H0(X, n'x,k) Xf* k = U%X, (4.11.2) 

Here the map H°(X, ilx/jfc) H°(X, f^x/fe)' relative Probenius map 

of the A;-scheme H°(X, f2^y^). The map Cx/k in the diagram is the map of 
group schemes induced by the hnear map of vector spaces 

Cx/k - H^{X,Zx/k) H^{X',^x/k)- 

Recall that there are two spectral sequences converging to de Rham co- 
homology: the Hodge spectral sequence, with E['-' — if^(X, ^2^^^), and the 

conjugate spectral sequence, with E^'^ — W{X,'H'^^ = i7'(X', fi-^^^). 
Lemma 4.12 In the corresponding diagram of tangent spaces: 

H\X',0'x) 



d(f) 



da 




H%X, Z\,^) . E\^{Xlk) . E\X, Ox) 



dip 




H°{X',flx,/f^) 
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db (resp. —dip) is the edge homomorphism coming from the Hodge (resp. 
conjugate) spectral sequence, and dip o da = —Cx/k- 



Proof: Since i ^x/k diagram | 4.1 1.1 1 factors through the relative Frobenius 
map in formula |4 11.21 above, its differential is zero. Since Cx/k is fc-linear, 
it follows that dip o da = —Cx/k- To compute dip, let 5* := SpecA;[e], let rj e 
Hj)fj{X/k) and let (I/, V) be the corresponding line bundle with connection 
over X X S. Then dipirf) is a section of H^{X' ,Q}^t j^) and is determined by 
its restriction to any nonempty open subset of X' . We can choose an open 
subset on which L is trivial, and hence reduce to the previous calculation. 
This proves the claim. □ 

As we have seen, Fx/k*Dx/k defines an Azumaya algebra Vx/k over T*x'/k'^ 
we shall study the splitting of the pullback of this Azumaya algebra along the 
canonical map q: X' x H°(X', ^x,/j^) — > '^*x'/k- "^^^ universal (L, V) defines 
a module over the pullback of "Dx/k to X' x Pic^x, and since it is locally free 
of rank p^imx^ jg ^ splitting module. More generally, suppose we are given 
a morphism of fc-schemes f:Z—^ H°(X'//c, ^2]^,^^) and a splitting module 
L over the pullback of T>x/k to X' x Z via the map idx' x /. Then L is a 
coherent sheaf on X' x Z equipped with an action of the differential operators 
Fxxz/z*{Dxxz/z), and in particular can be regarded as a coherent sheaf with 
integrable connection on X x Z/Z whose p-curvature is equal to the section 
of ^xi^z/z defined by /. By Proposition 12. 3[ L is an invertible sheaf on 
X X Z. By a rigidified splitting of Vx/k along f we shall mean a pair (L, a), 
where L is a splitting module for (idx' x fYq'Vx/k and a is a trivialization 
of the restriction of L to xq x Z. Thus the universal (L, V, a) is a rigidified 
splitting of Vx/k along ip. 

Proposition 4.13 Let f : Z ^ H°(X', ^x/iJ be a morphism and let (L, V, a) 
be the universal rigidihed line bundle with connection on X x Pic^x ■ 

1. The map f i— >■ f*{L, V, a) is a bijection between the set of isomorphism 
classes of rigidified splittings of Vx/k a.nd the set of maps f : Z ^ Pi^x 
such that ipf = f . 

2. If f as above is a morphism of commutative group schemes, then un- 
der the the bijection above, the tensor splittings of (id x f)*q*F^Dx/k 
correspond to the group morphisms f with ipf = f . 
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Proof: We have seen that a rigidified sphtting of (id x f)*q*F^Dx/k gives 
an invertible sheaf (M, V, a) with connection on X x Z whose p-curvature is 
given by / and a triviahzation of M on xqX Z. Hence there is a unique map 
f:Z^ Pic?^ such that f*{L,V,a) = {M,V,a), and necessarily ijjf = f. 
This completes the proof of (1), and (2) follows immediately. □ 

4.4 Abelian varieties 

Theorem 4.14 Let A be an abelian variety over a perfect field k of charac- 
teristic p. 

1. The Azuniaya algebra F^:DA/k splits (non-canonically) over the formal 
completion T^,/^ 

2. There exists a tensor splitting of F^:DAfk over T^,^^ if and only if A is 
ordinary. For an ordinary A, the tensor splitting is unique. 

Proof: It is known [21] that Hodge and conjugate spectral sequences for 
A degenerate and that Pic^ is smooth. Thus Lemma 14.121 implies that the 
differential of tp: Pic^ — * H°(y4', is surjective, and it follows that -0 

is smooth. This implies that has a lifting over the formal completion of 
li'^{A', at the origin, and therefore by Proposition 14. 131 that V^/k splits 

over A'xU%A',n\,^,)=T*^,^,. 

It follows from Proposition 14.131 that giving a tensor splitting of F^^DAjk 
over A' is equivalent to giving a group homomorphism 

^: ^Pic\ 

such that ip o if) = id. The map h o ip necessarily factors through Pic^, and 
since the latter is p-divisible, hoip = 0. Hence ip factors through a in diagram 
fl4.11.ip and can be viewed as a morphism \H^{A, Q\) — ^ H(A, Z^^j^). Since 

H'^iA, Z\i^) = H%A, fi^/J, the groups VH%A, Z\i^) and \E\A!, 9}^) are 

smooth of the same dimension. Thus the existence of ip is equivalent to the 
differential of o a at being an isomorphism. It follows from Lemma 14.121 
that this restriction is the negative of the Cartier operator 

^•^This result is due to Roman Bezrukavnikov. 
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One of the equivalent definitions of an ordinary abelian variety is that Ca/u is 
an isomorphism. This proves that hfting h exists if and only if A is ordinary. 
Moreover, for an ordinary A the morphism ip : \H^{A, fi^) \H^[A' , 
is an isomorphism. Thus, in this case, the lifting is unique. We could also 
remark that an ordinary abelian variety over a perfect field of characteristic 
p has a canonical lifting, together with a lifting of F, and this gives a tensor 
splitting of t^,/^ by Theorem [gUIi □ 

4.5 A counterexample: Vx/k need not split on T^ /s 

In this section, we will construct an example of a smooth proper surface X/k 
over a perfect field k which lifts to W{k) but such that T>x/k does not split 
over the formal completion of T^//;, along the zero section, or even over the 
formal completion of X' x H*'(X', f^^//^) along the zero section. 

Lemma 4.15 Let X/ k be a smooth and proper scheme with a rational point 
Xq. Assume that the following properties hold: 

1. dimi70(X,fi^/J = dimH\X,Ox), 

2. Fx acts as zero on H^{X, Ox), 

3. The Hodge spectral sequence of X/k degenerates at Ei, 

4. q*F^T>x/k splits over the formal completion of X' x H'^(X', ^xi/^) along 
the zero section. 

Then Picx is reduced. 

Proof: By assumption (3) the Hodge and conjugate spectral sequences of 
X/k degenerate at Ei and E2 respectively, and so the row and column of the ref for 
commutative diagram of Lemma [4. 121 are short exact. The map h := -FJ/^ in this 
the diagram below vanishes by assumption (2). This implies that the map 
d(j) factors as shown below through da. By (1) and (3) the induced map h' is 
an isomorphism, and it follows that Cx/k is zero, and hence that dip factors 
through an arrow h" as shown. 
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H\X\Ox') 




Now suppose that Fx/k*Dx/k splits over X' x H°(X', Choos- 
ing a rigidification of the sphtting module, we get a lifting ip of ip over 
H°(X', 1^^,/ J, so (iV'o^ = id. Then h"odbod^ = id, so dbodtp : //^(X', fi^,/ J 
H^{X, Ox) is injective. By (1), the source and target have the same dimen- 
sion, so the differential of the morphism b o ip is an isomorphism. Since 
\H^{X', Q^,^fJ is smooth, this implies that Picx is smooth. 

□ 

Let be a perfect field of odd characteristic and let W be its Witt ring. 
We construct an example of a smooth projective surface X /W whose special 
fiber X over k satisfies (l)-(3), but whose Picard scheme is not reduced, us- 
ing the technique of Serre and its generahzation by Raynaud [301 4.2.3]. Let 
E be an elliptic curve over W with supersingular reduction and denote by G 
the kernel of multiplication by p in E. By [op. cit.], there exists a projective 
complete intersection Y, flat of relative dimension two over W, with a free 
action of G and whose quotient X := Y/G is smooth over W. By the weak 
Lefschetz theorem, Picj. = 0, and it follows that Pic^ is the Cartier dual 
of G, which can be identified with G itself. Since Pic commutes with base 
change, the Picard scheme of the special fiber X is the special fiber Go of G. 
In particular Go is not smooth. Replacing /c by a finite extension, we may 
assume that X has a rational point. Thus to produce our counterexample, 
it will suffice to prove that X satisfies (l)-(3) of Lemma [4. 151 The degener- 
ation of the Hodge spectral sequence of X/ k follows from its liftability. The 
endomorphism of H^{X,Ox) induced by Fx corresponds via its identifica- 
tion with the tangent space of Go to the Cartier dual of the endomorphism 
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induced by the Frobenius of Gq which in our case vanishes. Since Picx — Gq, 
H^{X,Ox) is one-dimensional, and so to prove (1), it will suffice to prove 
that H\^{X/k) is two-dimensional. We use Faltings' comparison theorem 
[T2| 5.3] which relates the de Rham cohomology H\^{X/k) to the etale co- 
homology H\^{X^,Yp). In particular, this theorem implies that these have 
the same dimension. Since X-j^ = Yj^/Gj^, = Fp © Fp, and Yj^ is simply 
connected, Hl^{X-j^,¥p) = Fp©Fp. Thus H^j^{X/k) is two dimensional, and 
(2) follows. 

4.6 Fontaine modules 

Throughout this section we assume that S* is a smooth scheme over a field of 
characteristic p. 

Definition 4.16 Let X/S be a smooth scheme and let X/S he a hfting. 
Fix integers k < I with I — k < p. Then a Fontaine module on X /S consists 
of a coherent sheaf with integrable connection (M, V) of MIC{X/S) and a 
Hodge ffitration 

= F'+^M C F'M C . . . C F'^M = M 
satisfying Griffiths transversahty, together with an isomorphism 

^ ■ C-^]s^*x/s{GrpM, k) - (M, V), (4.16.1) 
where the Higgs field k, is given by the Kodaira- Spencer operator 

GrV -.Gr'pM Gr''^ M ® VL^/g. 

We will denote the category of Fontaine modules by A^J-'j^ Although 
we shall not do so here, one can check that if S is the spectrum of a perfect 
field fc, and the lifting X' ^ S = Spec W2{k) comes from a smooth formal 
scheme X\Y{k) over W{k), the category M.J-'[k,i]{'^ / S) is equivalent to the full 
subcategory of p-torsion objects in Faltings' category A^jFj;(Xvi/(fc)) [TT] . 

The formula N'^iGrpM.K) = ©i<_^Gr>M C Gr^M defines a Jx- 
filtration on {Gr'pM, k). Applying the isomorphism (p we obtain an Ix- 
filtration on M: 

iV™M = C^%^r*J,,s{®^<-mGr'pM) C M. 
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Theorem 4.17 Let {M,V , F' M, (p) and (M', V, F', 0') be Fontaine mod- 
ules over X. Then 

1. For every integer i, the Ox-module Gvp M is locally free. In particular, 
M is a locally free Ox-module [771 Theorem 2.1]. 

2. Every morphism f : M ^ M' of Fontaine modules is strictly compatible 
with the Hodge filtration F' . In particular, the category M.J^]j^ ^[X / S) 
is abelian [op. cit]. 

3. Let h : X ^ Y be a smooth proper morphism of relative dimension d,let 
h' : X' ^ Y' be a lifting of h' , and let (M, V,F-,0) G MJ^^k,i]{X/ S) 
be a Fontaine module. Assume that I — k + d < p. Then, the Hodge 
spectral sequence for Rh^^{M,F'M) degenerates at Ei. Thus, by 
Theorem \3.22\ b), for every integer i, we have a canonical isomorphism 

<P ■ Cyjs^*Y/siGrpR'hf''M, k) = {R^h^'^M, V), (4.17.1) 

which makes {R^hf^M, V, F' R^h^^M, 0) a Fontaine module over Y. 
In particular, if d < p, the Dy/s-module R^h^^Ox is a Fontaine mod- 
ule n^. 

4. The Chern classes Cj(M) G H^i{X,Qi{i)), I ^ p, i > are all equal to 
0. 

Proof: The key to parts a) and b) is the foUowing general result, whose 
proof can be found in [271, 8.2.3]. 

Lemma 4.18 Let Z be a smooth scheme over a field of characteristic p and 
let 

= F'+^M' C F'M' C . . . C F''M' = M' 

be a bounded filtered complex of coherent Oz-modules. Assume that there 
exists a (not necessarily filtered) quasi- isomorphism 

F^GrpM' ~ M' . 

Then the differential M' — >■ M'^^ is strictly compatible with the filtra- 
tion and, for every pair of integers i and j, the O z-module H^{GrpM') ~ 
Gr'pW{M-) is locally free. 
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Let us return to the proof of the theorem. Since the claims in parts (1) and (2) 
are local on X we may assume that there exists a lifting F of the Frobenius 
Fx/s- By Theorem I2.1H such a lifting induces a natural isomorphism of 
Ox-modules 

r^p : C-^)s{E) F*^/sE, (4.18.1) 

for every E G HIGp_i{X' / S). Composing this with (I4.16.ip we obtain an 
isomorphism of Ox-modules 

F*xGrFM ~ M. 

Then the statements (1) and (2) follow from the lemma. 

By Theorem 13.221 the lifting h' induces an quasi-isomorphism 

Cy%7^Y/sRh'^'''{GrpM, h) = Rhf^'M. (4.18.2) 

Applying (14.18. II) we obtain locally on Y an isomorphism in the derived 
category of Oy-modules 

F^Rh^^^iGr^M, k) = Rh^^M. 

We can compute Rh^^^{Gr'pM, k) as follows. Endow the relative de Rham 
complex ^'x/Y ® ^ with the filtration 

F'iVf^jY ®M) = {F'M n]^/Y ® F'-^M y fi^/y ® F'-'^M), 

and let {Rh^^M, F') be the filtered derived direct image of (fi'^^y (g)M, F'). 
We then have an isomorphism in the derived category of Oy-modules 

GrpRh^^M ~ Rhf^^iGrpM, k). 

Thus by Lemma l4.18l applied to the filtered complex of coherent Cy-modules 
{Rhf^M, F'), the Hodge spectral sequence for Rhf^{M, F'), {Rhf^M, F'), 
degenerates at Ei. Hence we get a canonical isomorphism of Oy-modules 

GrpR'hf^M ~ R'h^^^iGrpM, k) (4.18.3) 

It is well known0 that this isomorphism is compatible with the Higgs fields. 
Thus passing to the cohomology sheaves in (14.18.21) we obtain the desired 
isomorphism (I4.17.ip . This completes the proof of statement (3). 

^''This fact should be compared with Katz's formula (|3.18.3[) . A conceptual proof of this 
result can be obtained using an appropriate filtered derived category of D-modules. See, 
for example [34] , 
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For statement (4), we will first prove that for any Cx-coherent N e 
HIG,^,{X/S), 

where [] denotes the class of a coherent Cx-module in Kq{X) = Kq{X). 
Indeed, choose any filtration = D D ■ ■ ■ D = by Higgs 
submodules such that N^/N^+^ e HIGq{X/S). Then 

F*x{N'/N'+^) ~ F*xN' / F;^N'^^ . 

This implies the claim. 

In particular, for a Fontaine module (M, V, F' M, 0) it follows that [M] = 
F^[M]. Thus 

q([M]) = q(F*[M])=p^q([M]), 

and we are done. 

□ 

Proposition 4.19 Let X be a smooth projective curve of genus g over a Geld 
speck = S, X' ^ S a lifting, and let (M, V,F',0) belong to the category 
•M.J^[o,n]- Assume that 

n {rk M — 1) max {2g — 2, 1} < p — 1. 

Then [Gr'pM, k) is a semistable Higgs bundle. 

Proof: We have to show that {Gr'pM, k) has no Higgs subbundles 

(L, e) ^ {GrpM, k) 

of positive degree. Replacing (L, 6*) by /\^'^^{L,6) and M by /V'^^M (this is 
again a Fontaine module) we reduce Proposition to the following claim: 

For any Fontaine module (M, V, = F"+^M C F"M C • • • C F°M = 
M, 0), with n {2g — 2) < p — 1 the Higgs bundle {Gr'pM, k) does not have 
one-dimensional Higgs subbundles 

(L, 0) (Gr^M, (4.19.1) 

of positive degree. 
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Assume that this is not the case and consider such an L of the largest 
possible degree c? > 0. Then any morphism (L', 0) — > {Gr'pM, n), where L' is 
a line bundle of degree > d, is equal to zero. Consider the morphism 

F*^L ^ C^%n*^/siL, 0) ^ C-^),'nX,/s{GrpM, k) ^ M 

induced by (14.19.11) . We will prove by induction on m that the composition 

FJL ^ M ^ M/F'^M (4.19.2) 

is 0. Let us, first, check this for m = 1. Observe that the Higgs field k 
restricted to M/F^M ^ Gr'pM is 0. Thus 

(F^L, 0) ^ {M/F^M, 0) ^ (GrpM, k) 

is a morphism of Higgs bundles. Since deg FxL = pd > d, this morphism 
must be equal to zero. 

Assume that the composition ^ M ^ M/F"^-^M is 0. Then 

( I4.19.2|) factors through F^L F'^~^M/F"'M. For any j, < j < m, 
consider the composition 

Pj : F*xL F"'-'^M/F"'M ^ F""'^-^ M/ F"^-^ M ® {Qx/sY, 

and let jo be the smallest integer less then m, such that pj^ ^ 0. Then pj^ 
induces a nonzero map of Higgs bundles 

{F*xL (Tx/sV', 0) ^ (0 F^'^~'M/F^-'M, k) ^ {Gr-pM, n). 

i>jo 

However 

deg {F*xL ® {Tx/st) = pd - Joi2g - 2) > pd - n{2g - 2) > d. 
This contradiction completes the proof. □ 

Remark 4.20 Let h : Y ^ X he a. smooth proper morphism of rela- 
tive dimension d, and let h' : Y' ^ X' be a lifting. Then, for d < p, 
M = R^h^^Oy is a Fontaine module on X. Thus, by Proposition 14.191 if 
n {rk M — 1) max {2g — 2, 1} < p — 1, {Gr'pM, k) is semistable. By the stan- 
dard technique this implies the following result over the complex numbers. 
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Theorem 4.21 Let X be a smooth projective curve over C and let h : Y ^ 
X be a smooth proper morphism. Then {GrpK^h^^Oy, k,) is a semistable 
Higgs bundle. 

This result was proved by analytic methods (for any polarizable variation 
of Hodge structure) by Beilinson and Deligne (unpubhshed) and later, in a 
greater generality, by Simpson [35J using a similar technique. 



4.7 Proof of a theorem of Barannikov and Kontsevich 

Let us recall the following striking result of Barannikov and Kontsevich, of 
which the only published proof we know is due to Sabbah ^33] . 

Theorem 4.22 Let X/C be a quasi-projective smooth scheme over C. Sup- 
pose that f G r{X,Ox) defines a proper morphism to A^/C. Then the 
hypercohomologies of the complexes 

d + Adf d + Adf 
Ox " ^Ix/c " ^^x/c ■ ■ ■ 

Ox - ^x/c " ^x/c 

have the same finite dimension in every degree. 

We shall show how our version of nonabelian Hodge theory can be used 
to give a proof of this theorem by the technique of reduction modulo p. 
Since any pair (X/C,/) as in Theorem 14.221 comes from some "thickened" 
situation, it is clear that the following result implies Theorem 14.221 by base 
change /2 — > C. 

Theorem 4.23 Let S = Speci? be an affine, integral, and smooth scheme 
over Z, let X/S be a smooth quasi-projective S-scheme, and let f be a global 
section of Ox which defines a proper morphism: X — > A;^. Then, after 
replacing S by some etale neighborhood of its generic point, the following 
results are true. 

1 . The hypercohomology groups 

H*{X,n-^/s.d + dJ) and iJ*(^, fi^./^, - A rf/) 

are finitely generated free R-modules whose formation commutes with 
base change. 
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2. Let p be a prime, let X/S denote the reduction of X/S modulo p, and 

let X X' — ^ X he the usual factorization of Fx- Then for every 
p, the complexes of Ox' -modules 



d + Adf d + Adf 
i'x/s*^x ^ -^X/S*"x/5 ^X/S*^l'X/S' ' ' 

-Ad7l*f -Ad7l*f 
Ux' "^Lx'/S ^ "X'/S 

are quasi- isomorphic. 

The rest of this section will be devoted to a proof of Theorem 14.231 Along 
the way we shall prove some auxiliary results which may be of independent 
interest, for example the finiteness criterion given in Proposition 14.261 and 
Corollary I4.27[ We begin with a "cleaning" lemma. 

Lemma 4.24 With the notation of Theorem \4.23l, let Z ^ X be the reduced 
zero locus of df. Then after replacing S by some etale neighborhood of its 
generic point, the following conditions are satisfied. 

1. The morphism Z ^ S is proper, fiat, and generically smooth, and for 
every p the reduction modulo p of Z is reduced. 

2. The restriction of f to each connected component Z' of Z lies in the 
image of the map T{S, Os) -> T{Z', Oz')- 

Proof: Note that formation of Z commutes with etale base change S' — > S, 
so that our statement is not ambiguous. Let a be the generic point of S. 
The statements are trivial if the generic fiber oi Z^j oi Z / S is empty, so let 
us assume that this is not the case. By the theorem of generic flatness [TSj 
6.9.1], we may assume that Z is flat over S. Then the map from each 
irreducible component Zi oi Z to S is dominant and the generic fiber of Z^ 
is an irreducible component of Z^j. Localizing further if necessary, we may 
assume that if Zi and Zj intersect, then so do their generic fibers. There is 
a finite extension k' of k{a) such that all the connected components of Z^i 
are geometrically connected and have a fc'-rational point. Replacing S by an 
etale neighborhood of a, we may assume that k' = k{a). Since Z„ is reduced 
and k{a) is a field of characteristic zero, Z^jo is generically smooth. Since 
the differential of vanishes, its restriction to the smooth locus Z^J^ of Z^, 
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is locally constant. Thus for each irreducible component Zi of there exists 
an element Cj in /c((t) (the value of / at a rational point) such that f = Ci 
on Z?^. Since Zi is reduced, this holds on all of Zi. If Zi and Zj intersect, 
so do Zi„ and Zj^j, and it follows that q = Cj. Thus q depends only on the 
connected component of Z„ containing Z^. Furthermore, localizing on S, we 
may assume that each Cj belongs to R. Thus (2) is proved. Now if Z' is a 
connected component of Z, the composite Z' ^ X ^ factors through 
the section of A^/S defined by the appropriate element of R, Since X — » 
is proper, so is each Z' — >■ iS and hence the same is true of Z ^ S. 

We have now attained all the desired properties of Z, except for the re- 
ducedness of its reductions modulo p, which is a consequence of the following 
(probably standard) lemma. 

Lemma 4.25 Let Z be a reduced scheme of finite type over SpecZ. Tlien 
for almost all primes p, tie reduction modulo p of Z is reduced. 

Proof: In the course of the proof, we may without loss of generality replace 
Z by the open subset defined localization by any positive integer. In partic- 
ular, by the theorem of generic flatness, we may assume that Z is flat over 
Z. Since Zq/Q is reduced and of finite type, it is generically smooth over 
Z. Let rj: y ^ Z he the normalization mapping. Then Z is also generi- 
cally smooth over Z. Thus each irreducible component 3^° of y contains a 
proper closed subscheme y^ such that 3^° \ — iS is smooth. For almost 
all p, the reduction modulo p of y^ has strictly smaller dimension than that 
of the reduction modulo p of y^, and we may assume this is true for all p. 
Then the map y Spec Z remains generically smooth modulo p for every 
p. By \W, 7.7.4], rj is finite, and hence the cokernel Q of 77": Oz — >■ V*^y 
is a coherent sheaf of O^-modules. Again by the lemma of generic flatness, 
TorfiQ, Fp) = for all but finitely many p. Shrinking, we may assume that 
this is true for all p. It then follows that the reduction modulo p of rj^ remains 
injective for all p. Since y is normal, it satisfies Serre's condition 5*2, and 
since each p defines a nonzero divisor on 3^ the fiber Yofy over p satisfies 
Si. Since Y is generically smooth over Fp, it is generically reduced, and since 
it satisfies 5*1, it is reduced. Since is injective mod p, the fiber Z of Z over 
p is also reduced. □ 

□ 
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Let £ ■= {Ox, d+df) G MIC{X/S) and let C := {Ox, df) e HIG{X/S); 
we denote by just E and L their respective reductions modulo a prime p of 
Z. Let J C C);!:" be the ideal of the scheme-theoretic zero locus of df. This is 
just the ideal generated locally by the set of partial derivatives of / in any 
set of local coordinates for X/S. The Higgs complex C ® ^'x/s '^^^ 
be locally identified with the Koszul complex of this sequence of partials, 
and it follows that the cohomology sheaves of C ® ^'x/s annihilated by 
J [TOl, 17.14]. Since the closed subscheme of X defined by the radical of J 
is Z, which is proper over S, the hypercohomology groups H\C ® ^'x/s) 
are finitely generated i?-modules. Since R is reduced, they are free in some 
neighborhood of the generic point of S, which we may assume is all of S. 
Since the terms in the complex C ® ^'x/s "-"^^^ formation of its 

hypercohomology will then commute with all base change. This completes 
the proof of Theorem 14.231 1 for the Higgs complex. 

The proof for the de Rham complex is more difficult; in general, the 
de Rham cohomology groups of a coherent sheaf with integrable connection 
on a smooth scheme of finite type over Z are not finitely generated. (For 
example, the de Rham cohomology of the trivial connection on is not 
finitely generated.) We will use the technique of logarithmic geometry to 
study the irregularity of the connection d + df to obtain the finiteness we 
need. 

Let Y/S he a. smooth morphism of fine saturated and noetherian log 
schemes. We just write ^'y/s ^^e logarithmic de Rham complex of Y/ S [17] . 
If m is a section of My, the set Y^ of all y eY such that rriy G Mpy is open 
in Y. In fact, since a: My Oy is a log structure, y E Y^ if and only if 
ay{m) G Oyy. Let us assume that ay{'m) is a nonzero divisor of Oy, so 
that it defines a Cartier divisor D of Y and Ym = Y \ D. Suppose we are 
given a torsion free coherent sheaf E on Y and an integrable connection V 
on j*E, where j : Ym ^ Y is the inclusion. Then V induces a connection on 
jJ*E = E{*) := Mm E{nD). If V maps E to E (g) fi^^^,, then E has regular 
singular points along D; we wish to measure the extent to which this fails. 
Since E is coherent, V maps E to E ^ QY^g{nD) for some n; replacing m by 
m" we may assume that n = 1. Since da G lD^Y^g{D) for all a G Oy, the 
map 

Od: E®Od^ E®n}y/s{D)\^ 

induced by V is O^j-linear. It follows from the integrability of V that 9d 
defines an action of the symmetric algebra S'{lDTy/s) on E\j^, so that £"1^ 
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can be viewed as a module over Y{I£,Ty/s)- 

The following result is inspired by of a result of Deligne P, II, 6.20] which 
was pointed out to us by H. Esnault. 

Proposition 4.26 Suppose that in the above situation Oo is noncritical, 
i.e., that the support of the Y {I oTy/s) -module Ed defined by {Ed, On) is 
disjoint from the zero section. Suppose further that Y/ S is proper and that 
S = Spec-R. Then for every i, W{Y \D,E ® ^y/s) ^ finitely generated 
R-module. 

Proof: Let Qy/si*) '■~ j*j*^Y/s ^^"^ ^'-'^ each natural number n, let 
Fn{E ® ■.= E® ^^/^((n + q)D) C j,f{E fi^/^). 

Then F. defines an exhaustive filtration of the complex E Qy/^i*) by co- 
herent sheaves. Since Y/S is proper, for each n and i, W{FnE ® VLyigi*)) is 
finitely generated over R. Thus it will suffice to show that for each n > 0, 
the natural map 

is a quasi- isomorphism, and for this it will suffice to prove that for each 
n > 0, the map 

FqE (g) Vty/si*) FnE ® ^'y/s{*) 

is a quasi-isomorphism. This will follow by induction if for every n > 0, 
Gr^ E ® Vtyigi*) is acyclic. 

Multiplication by g"' defines an isomorphism FnE{*) —>■ FqE{*) which 
induces an isomorphism 



E{nD)\^ = Grf, E{*) ^ Gr^ E{*) = E\ 



D • 



If e G then V(e) G F^E ® VL\jg{D) and V(^"e) eE® Vt\jg{D). Since 
g = a{m) and dg = gdlogm, 

V(^"e) = ng^'e ® dlog(m) + ^"V(e) eE® fiy/s(i5). 

Since g''e®d\og{m) G E®^],^^, V(5'"e) reduces to 5'"V(e) in E®nl.^g{D)\^. 

Thus multiplication by g"^ identifies Gr^V with 9^ for all n > 0. This 
identification extends to an isomorphism of complexes 

Gi^iE ® ny/si*)) = Gr^ (E ® ily/si*)) 
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But GTp{E ^Qy^gi^*)) is just the Higgs (Koszul) complex of 9d, whose coho- 
mology sheaves can be identified with Ext*Q^{i^Ox, Ed), where i: X —^Y is 
the zero section of V := \{IdTy/s)- These vanish since 6^ is noncriticaL □ 

The following corollary then completes the proof of statement (1) of The- 
orem 11231 take V) to be the constant connection on X/S. 

Corollary 4.27 Let X/S be a smooth quasi- projective scheme over S = 
Spec-R, where R is a Hat and finitely generated Z-algebra. Let V) be 
a coherent sheaf with integrable connection on X/S whose restriction to 
the generic fiber of X/S has regular singularities at infinity. Suppose that 
f G Ox{X) is a global function which defines a proper morphism X A^, 
and let {E\ V) be the df -twist of {E, V) ; E' = and V := V + Adf. Then 
after replacing S by some affine neighborhood of the generic point of S, the 
de Rham cohomology H*{X, E' eg) ^'x/s) finitely generated and free over 
R. 

Proof: Let a be the generic point of S. We may find a projective compact- 
ification X„ of X„, and after blowing up X„ outside of X^- we may assume 
that / extends to a morphism X„ P^, which we still denote by /. Af- 
ter a further blowing up outside of X^, we may assume that X„ is smooth 
over a and that the complement of X^. in X^j is a divisor with strict normal 
crossings. Then the log scheme Y„ obtained by endowing X„ with the log 
structure corresponding to the inclusion X^ — ^ X^j is (log) smooth. Further- 
more, / extends to a morphism of log schemes Y^^ ^ P^, where P^ is the log 
scheme P^ obtained by endowing with the log structure corresponding to 
the inclusion P^, 

Let t be the coordinate of A^ and let s := t^^, which is a local generator 
of the ideal of cxo. There is a unique local section m of the sheaf of monoids 
Mpi over V with s := Q;pi(m), and dlogm is basis for the stalk of fipi at oo. 
Let ?/ be a point of D := /"^(oo). Then in an etale neighborhood of there 
exists a system of coordinates (ti,---tn) and natural numbers r, ei,...er 
such that such that = t^i ■ ■ ■t^'^. Then f*{dm) = ^^ejdlogtj, which is 

nonvanishing in the fiber of fly /a V- (This implies that / is log smooth at 
y.) Since {E, V) has regular singularities at infinity, there is a coherent (even 
locally free) extension E of E to and a log connection V : E ^ E® ^y^/o- 
extending V. Now df = f*{dt) = —s~'^ds = dlogm. Thus V maps 

E to E ® Q}y^,{D), and Od is the map E\^ E\^ ® ^y„/cj sending e to 
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— eAs~^ dlogm. This is an isomorphism, so Oj:, is noncriticaL There exists an 
affine neighborhood of the generic point of S over which all this remains true, 
and without loss of generality we may assume they are true for Y/S. Then 
Proposition 14. 261 implies that the de Rham cohomology groups of {E, V) over 
Y \ D = X are finitely generated over i?; shrinking further we may assume 
they are free. □ 



We now turn to the proof of statement (2) of Theorem I4.23[ Assume that 
X /S satisfies the conditions in (1) of Theorem 14.231 and in Lemma [4.241 Fix 
a prime let X/S be the reduction oi X /S modulo p, and let Si be the 
reduction of S modulo p^. Since iS/Z is smooth and affine, there exists a 
lifting Fg of the absolute Frobenius endomorphism of S to Si and hence a 
Cartesian square: 

X^ *■ Xi 

(4.27.1) 




We shall abuse notation and write Cx/s for the Cartier transform defined by 
the hfting X[/Si of X'/S. 

Let (^,V) be the restriction of (^, V) to X/S. According to [HI ], the 
p-curvature ip: E ^ E ® -^x/5^x'/5 multiplication by 

Since this is not nilpotent, we cannot apply our Cartier transform to it di- 
rectly. Our approach will be to approximate E by nilpotent connections, and 
we shall see that the Cartier transform of these approximations approximate 
L. 

In general, if {E, V) is a connection on a smooth X/ S in characteristic p, 
Fx/s*{E) becomes an S'Tx'/s module via the p-curvature ip, and since ■?/' acts 
horizontally, the quotient Ei^n) of E by the nth power of the ideal S^Tx' /s of 
S'Tx'/s inherits a connection. In fact, this quotient is the maximal quotient 
of E on which the connection is nilpotent of level n — 1. In the situation at 
hand, we can be quite explicit. Let J C Ox be the ideal of the zeroes of df, 
i.e., the ideal generated by the partial derivatives of / in any local system of 
coordinates. Then is the quotient of E by F'^{J"'). Our next goal is the 
computation of the Cartier transform of a suitable quotient of -E(n)- 



find 
precise 
refer- 
ence 

here and 
also in 
section 
4.2 
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Proposition 4.28 Suppose that X /S and f satisfy the conditions ofLemma \4.24l 
and let Z be the reduction of Z modulo p. Let n be a natural number and 



E 


:= {Ox, d + df)e MIC{X/S) 


En 


:= {E/F*AI^)E, d + df)e MIC{X/S) 


L 


:= iOx,-df)eHIGiX/S) 


Ln 


:= L/I^L e HIG{X/S) 




:= TT*Lne HIG{X'/S). 



Finally, let r be the maximum codimension of Z in X . Then if p > rn, the 
Cartier transform Cx/s{En) of En with respect to X[IS\ is isomorphic to L'^. 

Proof: Note that, by definition, Iz is tlie radical of tlie ideal J, so En is 
indeed a quotient of E(n) and Cx/s{En) is defined. It is enough to prove the 
proposition after restricting to each connected component of Z. To simplify 
the notation, we shall assume that Z is connected. Replacing / by / — c, 
for a suitable c G r{Os) as in (2) of Lemmgd^H we may assume that the 
restriction of / to 2 vanishes. 

Recall from Proposition 11.141 that the lifting tt oi tt : X' ^ X determines 
a map 6^^: Ox Axjs- 

Claim 4.29 Let a := G Axjs and let 

/3:=l + « + ^ + ---^^-^G^^/.. 

Then: 

1. a' G F;,{Iz)Ax/s, 

2. iP^iP) = {P- ^) ® F*^df, and 

3. V^(/5) = -(/3-^)r-i®c//. 

Proof: By (1) of Lemma [4.241 Z is is reduced and in particular satisfies 
Serre's condition 5*1. Since X is regular, its absolute Frobenius endomor- 
phism is fiat, and hence the inverse image of Z by Fx still satisfies S^. 
(To see this, let j : U Z be the inclusion of any dense open subset of Z and 
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observe that the map Oz — > j*j*Oz is injective, and remains so after pull- 
back by Fx-) Since Specx Ax/s is smooth over X, the inverse image of 
in Specx Ax/s also satisfies 5*1. Thus it suffices to check (1) at the generic 
points of Z, and since Z/ S is generically smooth, we may assume that it is 
smooth. We may work in a neighborhood of a point of Z with the aid of 
a system of local coordinates (ti, . . . in) for X/S such that Iz = (ti, . . . ig). 
Let F: Xi ^ X[ be the lift of Fx/s sending 7r*tj to for all i. This de- 
fines a splitting of the fundamental exact sequence (ll.4.ip . and hence an 
isomorphism 

NiAx/s = ^x/s — Ox ® Fx/s^x'/s- 

Proposition 11.141 says that, in terms of this splitting, a = {g,F^df), where 
F*n*{f) = P + [p]g. Since f ^ Iz F belongs to and since F*7r* maps 
Iz to /|., it follows that [p\g G /|;. It follows from the smoothness of Z 
and X over S that the closed subscheme of X defined by is flat over 
5, and hence that g G . Then g^ G ■> ^"^^ since Iz has s generators, 
Iz' ^ F*xIzOx, so in fact g' G F^^IzOx- Since df G Iz^x/s hypothesis, 
FJd/ G Thus a" G F^{Iz)Ax/s, and since s < r, the 

same is true of a*". This proves (1). 

Recall from Proposition 11.141 that V^^(a) = Fxdf. Hence 

MP) = + ^ + + 



This proves (2). Proposition 11.141 also says that Vyi(a) = — ^c?/, so a 
similar calculation proves (3). □ 

Recall from Theorem 12.231 that 

Cx/si^'n) ■■= {L'n®Fx/s.Ax/sf"''. 

As an Ox-module, L'^ ® Fx/s*Ax/s = Ax/s/FUq)Ax/s- Since «™ G 
by (1) of the claim, this module is annihilated by a^~^ if p > rn. 

Hence 

Mf3) Fxdf in L'^ ® Ax/s ® Fx'/s^x'/s- 



128 



Hence if we view /3 as a global section oi L'^® Ax/Si find 

^tom = ^l{1)13 + ^a{I3) = -I3® 7r*df + (3® 7r*df = 0. 

Thus (3 e C^/5(L^) = (L^ ® ^Af/5)'^'°S and in fact is a basis for C^^^(L^) 
since it is a unit modulo /. Furthermore, it follows from (3) of the claim that 

Now consider the Artin-Hasse exponential of /, which is given formally by 

g:^eMf+r/p+r^/p' + ---), 

and which in fact has p-adically integral coefficients. Then 

g-'dg^ii+r-'+r"-' + ---)df. 

Since / e /z and p > n, p''^ = F^{p-^)p-^ e so 

dg^g{l + r')df modF*(7^). 

Since 5^ is a unit, e := g(3 is also a basis for C^J^(L^), and 

V(e) = gV{(5) + (5®dg 

= -g(3®r'df + g{l + r^df)(3®df 

In other words, C^y^(L^) is isomorphic to as claimed. □ 

Wc shall also need the following general result about morphisms in the 
derived category. 

Proposition 4.30 Let X be a noetherian scheme or formal scheme, let K' 
he a perfect complex of coherent sheaves of Ox-modules, and let J be a 
sheaf of ideals annihilating the cohomology sheaves of K. Then there exists 
a natural number n such that for all m > 0, the map in the derived category 

jn+m ^K' ^ J'^^K' 
induced from the inclusion 7"+"* is zero. 
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Proof: First we prove the statement for the induced maps on cohomology 
sheaves. We may cover X by a finite number of open affines on each of 
which K' is quasi-isomorphic to a bounded complex i^'of locally free Ox- 
modules, and it suffices to prove the local statement on each of these open 
sets. Thus we may assume that X = Spec A and replace K' by r{X,K'). 

Then J"^ ® K' ^ J"^ ® K' for all m. Let 5« C C K'' be the boundaries, 
(resp. cycles, resp. chains) of K' in degree q. By the Artin-Rees lemma, there 
exists an integer r such that ZTM^^'+'^K'^ C J™Z« and 5«n J'^+^'iT^ C J'^Bi 
for all m > 0. The hypothesis on J implies that JZ'^ C B'^. Hence if n > r, 

p jm+nj^q ^ J ^ Qq ^ 

Since K'^ is free, 7"^+"^^) = Z'^ n J^+^K" and J'^B'i = B'i{J'^K). It 
follows that the map H'i{J'^+'^K) H'^{J"'K) is zero. 

The following lemma then completes the proof of the proposition. 

Lemma 4.31 Let Kq Ki K2 ■ ■ ■ Kn+ I be a sequence of 

morphisms in the derived category of an category. Suppose that each has 
cohomological amphtude in [a, a + n] and that the maps H*{Ki) H*{Ki^i) 
are all zero. Then the composition Kq —>■ Kn+i Is zero. 

Proof: The proof is by induction on n. \i n = 0, there is nothing to prove, 
since Ki = H"'{K,j) for all i. Let r< denote the canonical filtration [2], let 
/ := /1/2 . . . , /n+i, and consider the following diagram: 

TTa+nf X N 

i/"+"(iro)[-a - n] ^ H^+'''{Ki)[-a - n] 

a 



Ko ► K, >■ 

f 

T<a+nKo ► T^a+n^l ^ T<a+n Kn+1. 

Since H°'~^"'{fo) = 0, a/o = and since /3 and a comprise a distinguished tri- 
angle, it follows that /o factors through /3. The induction hypothesis implies 
that /' = 0, and it follows that //q = 0. This proves the claim. □ 
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□ 

Corollary 4.32 let C := {Ox, ~df) E HIG{X/S), let C denote its formal 
completion along Z, and let b: C Cn denote the projection to the restric- 
tion of C to the nth infinitesimal neighborhood of Z. Then for sufEciently 
large n, there exists a map s in the derived category making the diagram 
below commute. 



XjS 



id 



XjS 



xis 



Proof: Let us write C for the complex C (E) and consider for each 

natural number n the exact sequence of complexes 

I^C £■ £; ^ 0. 

There is then a corresponding exact sequence of abelian groups 

Ext°(i:;, C) Ext\C\t) Ext°(J|£', £■), 

where Ext° means hyperext, or equivalently, the group of morphisms in the 
derived category. It will thus suffice to prove that the identity element of 
Ext°(£',£') maps to zero in Ext^^I^C , C). But the image of the iden- 
tity element is just the class of the inclusion mapping, which vanishes for n 
sufficiently large by Proposition I4.3U[ □ 



Proof of Theorem \4.23\ Choose n as in Corollary 14.321 and localize S so that 
all primes less than the maximum of rn and n+dim(A:'/iS), become invertible. 
Let X/ S and Z/ S denote the reductions of X /S and Z/S modulo one of the 
remaining primes p. Let X/z denote the formal completion of X along Z, let 



E :-- 



E/z and L' 



f-i' jzi and consider the following diagram: 
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Fx/s*{E (g) n'x/s) Fx/s*{E (g) Qx/s) — " Fx/s*{En ® ^x/s) 



h 



■n 



a' 



b' 



L' (g) n\ 



'X'/S 



L' (g n\ 



'X'/S 



'X'/S 



Here a,p, a', and b' are the obvious maps, c„ is the quasi-isomorphism coming 
from Theorem 12.261 s' is the pullback via tt of the map s of Corollary I4.32[ 
and /i := s'c„p. Note that we do not know if b'h = CnP- The arrow a is 
a quasi-isomorphism by Proposition 12.311 and a' is a quasi-isomorphism by 
a similar (easier) argument. We shall show that h is a quasi-isomorphism, 
completing the proof of Theorem 14.231 

Since our statement is local, we may restrict to an open affine subset U 
of X and then choose a lifting F of Fx/s mod p^. Let Cp{E) be the formal 
Cartier transform of E described in Proposition 12.321 with respect to this 
lifting. 

Claim: There exists an invertible sheaf A on such that Cp{E) = 
L ®Oxi ^1 where A is given the trivial Higgs field. 

Indeed, the F-Higgs module corresponding to the p-curvature of 

is Fx/gL', and hence the p-curvature of T-Com{E, C^^{L')) is zero. Hence there 

exists an invertible sheaf A on X' such that Hom^E, C^^iL')) = F^/^A with 

the Frobenius descent connection. Then Cp{E) = V ®Oxi ^i where A has 
the trivial Higgs field. 

By the compatibility of Cp and Cx/s-, the isomorphism a^ - CxisiEn) — 
L'^ of Proposition 14.281 defines a trivialization of A„. Restricting to smaller 
affine if necessary, we may assume that A is trivial, and choose an extension 
a of an to an isomorphism Cp{E) L' . Now consider the commutative 
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diagram of maps in the derived category: 

Fxis*{E (g) n-j^/s) Fx/s*iEn ® n^/s) 



h" 



a 



L ® ^x' /s 



b' 



L'^ ® ^x'/s 



The arrows e and c are quasi-isomorphisms by Proposition 12.321 and Theo- 
rem [2261 respectively, and a and a„ are quasi-isomorphisms by construction. 
Furthermore, c„ = a„c, so 



h = s'cnP = s'ttncp = s'anb"e = s'b'ae = ae 
and hence is a quasi-isomorphism. 



□ 



5 Appendix: Higgs fields and Higgs trans- 
forms 

5.1 Higgs fields over group schemes 

Let X/S be a smooth morphism of schemes, let flx/s be its sheaf of Kahler 
differentials and Tx/s the dual of flx/s- Recall that a Higgs field on a sheaf 
E of Ox-modules is any of the following equivalent sets of data: 

1. an Ox-linear map 9: E E ® ^x/s such that the composition of 9 
with the map E ® Vtx/s ^ E ® K^Vtx/s induced by 9 vanishes 

2. a linear map 9: Tx/s ~^ Sndox{E) with the property that the endo- 
morphisms associated to any two sections of Tx/s commute 

3. an extension 9 of the Cx-module structure on E to an S''Tx/5-module 
structure. 
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If E is quasi-coherent, then associated to the y^'Tx/s-module is a quasi- 
coherent sheaf E of CT*-inodules on the cotangent bundle T^^^ of X/S. 

Conversely, if E is such a sheaf, its direct image on X is a quasi-coherent 
sheaf of (9x-Kiodules equipped with a Higgs field. 

These definitions make sense with any locally free sheaf T in place of Tx/s 
and with the vector bundle VT := Spec^ S'T in place of cotangent bundle. 
In fact, it will be useful for us to work in an even more general context, in 
which the vector bundle T^^^ is replaced by any commutative affine group 
G scheme over X. Abusing notation, we shall denote by Oq the sheaf of 
Ox-bialgebras on X corresponding to G. 

Definition 5.1 Let G be a commutative Hat affine group scheme over X 
and let E he a sheaf of Ox-modules on X . A G-field on E is a structure 9 
of an Oc-njodule on E, compatible with the given Ox-module structure via 
the map Ox — Oq- 

We denote by G-HIG the category whose objects are sheaves of Ox- 
modules E equipped with a C-field 9 and whose objects are morphisms com- 
patible with the G-fields. We will often omit the 9 from the notation when 
no confusion seems likely to result. As before, there is an evident equiva- 
lence between the category of quasi-coherent objects in this category and the 
category of quasi- coherent sheaves on G. Since we will have to deal with 
sheaves which are not quasi-coherent, we will not make use of the topological 
space Specx Oq- Nevertheless we will try to use geometric notation whenever 
possible. Thus, if .4. is a sheaf of Ox-algebras, we denote by Mod{A) the 
category of sheaves of ^-modules on the topological space X. If 7" : ^ ^ ;B 
is a homomorphism of sheaves of C^-algebras, we have functors: 



* 

7 : 


Mod{A) - 


Mod{B) : 


M ^ 




7*: 


Mod{B) - 


^ Mod(A) : 


N ^ 


-> N, with an :— 7''(a)n 


1 

r- 


Mod(A) - 


Mod{B) : 


M ^ 


Horrij^i-f^B, M) , with {hh) {h') 



together with the standard adjunction isomorphisms: 

HomAiM, 7,iV) ^ -fMomeiYM, N) 

Note that even if A and B are quasi-coherent, the functor 7' does not preserve 
quasi-coherence, in general. 
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In our context we shall consider the following morphisms of X-schemes 
and the corresponding morphisms of sheaves of Ox-sdgchiSiS. Here all fiber 
products are taken in the category of X-schemes and all tensor products in 
the category of Ox-modules. 



Notation 5.2 

a:GxG^GxG 



l: G 
GxG 
GxG 

i: X 
p: G"- 



G 
G 
G 
G 
X 
G 



(91,92) ^ 9i, 
(91,92) ^ (92,91), 



9 

(91,92) ^ 
(91,92) ^ 

X I— i 
(91,- ■ -971) 

9 ^ 



9-\ 



9192, 
■ 929T\ 
0, 

^P(9i), 







l^-.Og^Og 

Og ® Og 
>Og®Og 
Ox 
Og^ 
Og 



IJ^'-.Og 
I^'^:Og 
i^: Og- 
P^:Ox 
f:OG 



These are the projections pi, the inversion mapping i, the group law /x, 
the twisted group law//' := // o cr o (i x id) , the augmentation given by the 

zero section of G, the structure map G"' ^ X, and the map poi. Note that 



smce L 



id, 



G, <-* 



If E is any object of G-HIG, we let E' t^E = t*E. 



5.2 Convolution 

Definition 5.3 Let (Ei,ei) and (E2,e2) be two objects ofG-HIG. Then 

1. El K E2 := plEi <^Ogxg as an object of G x G-HIG. 

2. Ei®E2:= M E2), as an object of G-HIG. 

For example, if {Ei,9i) and (£^2,6*2) are objects of HIG{X/S), then 
El ® E2 is the tensor product of Ei and E2 in the category of Ox-modules, 
with the Higgs field 9 defined by 

= ^1 ® idijj +idi5i ®^2- 

Geometrically, the object (£"1 (E) E2,6) corresponds to the convolution of Ei 
and E2 with respect to the group structure of the cotangent space of X/S. 
The associative law for G implies that the standard isomorphism 

{El ® E2) ^Es^Ei^ {E2 Es) 
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induces an isomorphism 

(El ® E2) ®Es^ El® {E2 ® E3). 

Similarly, the commutativity of G implies that the standard isomorphism 
El® E2 = E2® El induces an isomorphism 

Ei®E2 = E2®Ei. 

Furthermore, if we let 

U := uOx e G-HIG, 

then the fact that i is the identity section implies that the natural isomor- 
phism Ox ^Ox E = E induces an isomorphism in G-HIG: 

U ®E = E. 

Thus ® makes the category G-HIG into an Ox-linear tensor category [9] 
(ACU tensor category in the terminology of [31]), and U is its unit object. 

Definition 5.4 Let Ei and E2 be objects of G-HIG. Then 

Hex{Ei,E2) := HomoG^aiPiEi,P2E2) 
n{Ei,E2) := ^i'Jiex{Ei,E2) 

We call T-Cex{Ei, E2) the external Horn of Ei and £'2- Its underlying 
Ox-module is given by 

Homox{p*Ei,p^E2) = pMomoa{p*P*Ei, E2) = pMomoa{P2*P*iEi, E2) = 
p.nomoa.GiPlEi,P2E2)=pMex{Ei,E2)=pM{Ei,E2) 

and the Oq ® Og structure on Hex{Ei, E2) is given by: 

(a ® h)h: Ei ^ E2 ei^ bh{aei). 

Lemma 5.5 Let Ei,E2, and E3 be objects of G-HIG. Then the standard 
adjunction isomorphism in the category of Ox-modules 

HomoxiEi ®Ox E2,Es) = Homox{Ei,Homox{E2, E^^)) 

induces isomorphisms 

RomoaiEi ® E2, E3) = }lomoa{Ei,niE2, E3)) (of groups) 

n{Ei ® E2, E3) = n{Ei, n{E2, E^)) (in G-HIG). 
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Proof: By definition, 



llomoaiEi,n{E2,E3)) = }lom.Oa{.Ei,n'JiomoGyG^p\E2,P2E:i)) 

= Homoc ^ G (/i' * ^1 , :Homog ^ g (pj ^2 , P2 ^3 ) ) 
= Romoay^ai^'* El ®Og^g ^2,^2^3)) 

Let a: G x G ^ G x G denote tlie map i.e., the map sending {gi, §2) 

to {g2gi^, Qi)- Note that a is an isomorphism, whose inverse (3 = {p2, /i) sends 
(a, b) to (6, ab). Thus = a*, and furthermore fi'*{Ei)®plE2 = a*{Ei^E2). 
Hence 

HomoG(Ei,7^(E2,E3)) = }lomoa,aic^*iE^mE2),P2Es)) 

= }lomoa,aiP*iEi^E2),P2Es)) 
= Romoa,aiEi^E2,P'-p2Es)) 
= }iomaa,aiEi^E2,fJ.'Es)) 
= }iomoaMEi^E2),E3)) 
= B.omoa{Ei®E2,E3) 

This proves the first statement. The second statement just asserts that the 
standard adjunction morphism is compatible with the G-Higgs fields. It 
follows formally from the first. Indeed, it will suffice to check that for all E, 
the adjunction isomorphism induces isomorphisms: 

Romoa{E,n{Ei®E2,E3)) = Homoa{E,n{Ei,n{E2, E3))). 

This follows from the first statement and the associativity of ®. □ 

This shows that 7i is the internal Hom functor of the tensor category 
{G-HIG, ®) in these sense of [9]. As usual, the dual of an object E of 
G-HIG is defined by 

E^ ■=n{E,U). (5.5.1) 

The map 

ev: E^ ® E 
is by definition the element of 

HomoaiE^ ®E,U) = HomociE'' ,n{E, U)) = Homoa{E'^ , E'^) 
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corresponding to id£;v; it corresponds to the usual evaluation map 

Homo^iE, Ox)®E^ Ox- 

For any £'2, one gets by functoriality maps 

E2 = n{U,E2) ^ n{E^®E^,E2) 
}iomoa{E2,n{U,E2j) Romoa{E2,n{E'^ ® Ei,E2)) 
}iomoaiE2 ® U, E2) }lomoaiE2 ® E^ ® El, E2) 
nomoaiE2, E2) }iomoaiE2®E^,niEi,E2)) 
nomoG{E2, E2) }iomoa{E^,®E2,n{Ei,E2)) 

The element of Hom(i?2 ® Ei, H{Ei, E2)) corresponding to id£;2 is the map 

EX ® E2 ^ n^Ei, E2) (5.5.2) 

corresponding to the usual map E^ ® E2 ^ T-Comox{Ei, E2) in the category 
of 0jjf-niodules. In particular it is a homomorphism in G-HIG and commutes 
with any endomorphism of Ei or E2 in the category G-HIG. For example, 
any local section of Oq defines such an endomorphism on each E^. Note that 
if El is locally free and Ei or E2 is of finite presentation as an Ox-module, 
(15.5.21) an isomorphism. For example, when G is the cotangent space of X 
and ^ is a Higgs field on X, then the Higgs field 6'^ on E"^ is given by the 
usual rule, so that 

(%(0),e) + (0,%(e)) = O 
for sections ^ of T, of E"^ and e of E. 

Remark 5.6 If Ei and E2 are objects of G-HIG, the Cx-module underly- 
ing T-C{Ei, E2) is HorriOxiEi, E2) and the Cx-module underlying Ei ® E2 is 
El ®Ox ^2- These Ox-modules also inherit Oc-structures by "transport of 
structure" from the Oc-module structures of Ei and E2. When necessary we 
denote by the structure coming from E^ in this way and by 9tot the struc- 
ture defined in (15. 3p and (15.41) . Thus is the structure on H{Ei, E2) (resp. 
El ® E2) obtained from the structure on Hex{Ei, E2) (resp. Ei Kl E2) by 
letting Og act via the morphism p^*. Note in particular that the Oc-module 
structure on E'^ is not the structure 6e corresponding to the action by trans- 
port of structure on B.omox{E, Ox), rather it is given by l^:9e- Indeed, the 
Og ® OG-module T-tex{E, Ox) is annihilated by the ideal of the graph of 
the zero morphism j : G ^ G, and fi' o Tj = l. 
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Remark 5.7 A morphism h: G' — > G of affine X-schemes induces a pair of 
adjoint functors 

h* : G-HIG G'-HIG and K : G'-HIG G-HIG. 

If h is a homomorphism of group schemes, these are compatible with ® and 
7i. For example, let /: X — > F be a morphism of schemes, let 7i be a 
commutative affine group scheme over y, and let f~^H be its puUback to 
X. If {E, 0) is an object of H-HIG, then f*E has a natural /-^Ti-field f*e. 
If G is an affine group scheme over X equipped with a map h: /"^Ti. — > G, 
then one gets by composition with h a G-field on f*E. For example, this 
construction applied to the cotangent bundles, with h the differential of /, 
defines a functor /*: HIG{Y/S) HIG{X/S). Finally, note that since 
i : G — > G is a group homomorphism, we find a canonical isomorphism 

{El ® E2y ^ E[® E'^. 

Remcirk 5.8 Let Ei and E2 be object of G-HIG. Then there is a natural 
isomorphism of sheaves of Ox-modules 

rn{E,, E2) = pMomoaiEi, E2). 

This follows from the adjointness properties of V,: 

v'H{Ei,E2) := 'Homoa{^*Ox,'H{Ei,E2)) 

^ nomoaiU ® El, E2) = HomoaiEi, E2). 

We find a natural map of Ox-modules 

HomoaiEi, E2) = rn{Ei, E2) C pM{Ei, E2) (5.8.1) 

This map is compatible with the actions of Oq induced by transport of 
structure via its actions on Ei and £^2- 

5.3 Higgs transforms 

We can use an object of G-HIG as a kernel for what we shall call a Higgs 
transform, of which we consider the following variants. 
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Definition 5.9 Let J-" be an object of G-HIG. DeGne functors from G-HIG 
to itself by: 



TriE) := J'^OoE 
T-r{E) := 



We view these objects as G-Higgs modules, with the Higgs field induced by 
transport of structure from the field on JF. Note that this is the same as the 
field induced from E in the first and second and cases, and differs by l in the 
third. Indeed, 

iiJ^®E) = Homo^(i,Cx,/U,(J^KE)) = }lomoa,Gif^*i*Ox, ^ E) 

This is an Ocxc-module, and the action of Oq by transport of structure via 
corresponds to the action induced by the first projection, while the action 
via E is induced by the second projection. We claim these differ by l. In fact 
it is enough to check this for the CcxG-module i^^*{Ox)- But this is clear, 
since the latter is annihilated by the ideal of the graph of i. 
The map (15.5.21) induces a natural map of Oc-modules 

i*r-,^{E) r{n{j^,E)) = n^{E) (5.9.1) 

which is an isomorphisms if is finitely generated and projective as an Ox- 
module. The presence of the l is due to the fact that Og acts on Tjrv{E) 
by transport of structure via JF^ and on Tijri^E) via JF, and these structures 
differ by 6, as we saw in Remark 15. 6[ 

Let B be any object of G-HIG. Observe that there are natural transfor- 
mations: 

Vb- Tb ° 'Hb id and (b- id ^ Hb ° 7s, 
where for any E, 

Vb,e : B ®Og nomoa (B, E) ^ E 
sends h® h to h{b) and 

Cb,e : E ^ Homoa {B, B ®Oa E) 

sends e to the homomorphism h ^ h®e. Then the following result is imme- 
diate. 
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Proposition 5.10 Let B he an object of G-HIG which is invertible as an 
Oc-module. Then rj^ and are inverse isomorphisms. In particular, Hb 
and 7g are quasi-inverse equivalences of categories. 

□ 

In our main application, B will be equipped with the structure of a co- 
commutative coalgebra with counit in the category G-HIG. That is, it will 
be provided with morphisms 

u:B^B®B and (3:B-^U (5.10.1) 

satisfying the usual compatibilities. These data give the corresponding Higgs 
transform additional structure. We shall be especially interested in the fol- 
lowing case. 

Definition 5.11 A character sheaf0 in G-HIG is a coalgebra {B, (3) such 
that the map v: fi*B B ^ B corresponding to v is an isomorphism of 
OcxG-^odules and the map [3: i*B Ox induced by [3 is an isomorphism 
of Ox-n^odules. 

Lemma 5.12 Let (3) be a character sheaf in G. The map v induces an 
isomorphism of Oc-modules B — ^g- particular, B is invertible 

as an Oc-module, with inverse B''. 

Proof: Definition flHUD imphes that i*B = Ox, hence j*B = Oq- Let 
r^: G ^ G X G denote the graph of l. Pulling the isomorphism z> back via 
Ft, we find an isomorphism: 

B®Og^' = r:(S K = T*fi*{B) ^ j*B ^ Og- 

□ 

Remark 5.13 Giving a character sheaf is equivalent to giving a commuta- 
tive extension of the group G by the multiplicative group G^- Assume G is 
finite and fiat over X and denote by G^ its Cartier dual. Then a G^-torsor 
gives rise to a character sheaf. Indeed, G"^ can be identified with the group 
of automorphisms of the trival extension E of G. Then if L is a G^-torsor, 
we can form the "twist" L E of E by L. This defines an extension of G 
by Gm and hence a character sheaf B. The functor L i3 is an equivalence 
from the category of G'^-torsors to the category of character sheaves which 
are, locally on X, isomorphic to Oq as character sheaves. 

^^This terminology is borrowed from G. Lusztig 
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Proposition 5.14 Let {B, u, (3) be a character sheaf on G. If Ei and E2 are 
objects of G-HIG, the standard tensor product map (S> on homoniorphisms 
and the coniultiphcation v define a commutative diagram: 



HeiEi) ® nBiE2) nB®B{Ei ® E2) 




HsiEi ® E2) 

Thus the functor is an auto-equivalence of the tensor category G-HIG. 
Proof: The diagram above can be expanded as follows. 

/X, {ns{Ei)MnB{E2)) 



Hb{Ei) ® 'Hb{E2) IX, {plHomoaiB, E^) ®Og.g pinomoaiB, E2)) 

HBiEi ® E2) ■> liMomoa^G^B MB.EiM E2) 

The right vertical map is an isomorphism because B is invertible, and the map 
z/* is an isomorphism because i) is an isomorphism. The cocommutativity of 
the coalgebra B implies that Tig preserves the commutativity constraint of 
the tensor category G-HIG. □ 

A change of sign allows us construct an involutive auto-equivalence of 
G-HIG. 

Definition 5.15 Let B be an object of G-HIG. Then Tig is the functor 
G-HIG —>■ G-HIG sending an object E to L^:T-lom,Q^{B, E). 

For example, Ti^^ can be identified with the involutive functor i*. More 
generally, if {B, u, (3) is a character sheaf, then by Lemma 15.121 

Tig(Ti^(£')) = L^HomoaiB, L,Hom,OaiB, E)) = L,L,'Hom,OG{i*B,'Hom{B,E)) 

^ nomoa{i^*B ®Og B, E) = HoniOaiOG, E) = E. 
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The natural inclusion of Ox-modules HomQ^ [B, E) C Honio^^ E) de- 
fines morphisms of Oc-modules: 



jE:KiE)-^n{B,j,E) and j^'^iE) ^ n{B, E). 



(5.15.1) 



The morphism (3: B and the isomorphism T-l{U,E) = E induce maps 

of OG-modules: 



Pe: n{B, E) and j^E n{B,j,E). 

Finally, let us consider the following diagram: 



(5.15.2) 



H{B,n'^{E))^n{B,n{B,j,E)) n{B,jM's{E)) ^n{B,n{B,E)) 



ve 



n{B,j,E) 



n{B®B,j,E) 



n{B,E) 



l^E* 



n{B®B,E) 

(5.15.3) 

Here the top horizontal arrow is induced by the morphism 'Je fl5.15.ip . the 
right arrow is the adjunction map of Lemma [5.51 and the bottom horizontal 
arrow is induced by z/; the diagram defines the arrow Ue- 



Theorem 5.16 Let {B,v,(3) he a character sheaf for G / I5.1 Then for 
any object E of G-HIG, the arrow ve is an isomorphism and induces an 
isomorphism Ke'. {Ti'^iJ-CQ^E)) —>■ E fitting into the following commutative 
diagram. 

n'ME)^^n{B,jM',{E)) 



Ke 



E 



E 



^E 



n{B,E) 



Proof: Since {B,v,(3) is a character sheaf, the map i) is an isomorphism, 
and so induces an isomorphism of Oc-modules: 



P2.{y)■.p2.^^*B^P2SB^B). 
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Since the diagram 



G 



P2 



G 



P 



P 



X 



is Cartesian, the natural map p*pj,B — > P2/^*i3 is an isomorphism. Composing 
this map with P2*{i^), we find that u induces an isomorphism 

P*P.B^P2,{B^B). 

Taking Tiomo^ { ,E) we find that the top arrow in the diagram below is an 
isomorphism. 



p*Homoa{P2*{B ^B),E) p^Homoa{p*P*B, E) 



ad] 



adj 



Homox{B,p^T-Comoa{B, E)) " Homo^{B,p^E) 

The vertical arrows are the adjunction isomorphisms and the bottom hori- 
zontal arrow is p*{i^e)- It follows that ve is an isomorphism of Ox-niodules, 
and it is compatible with the two pairs of Oc-module structures shown in 
the diagrams I5.15.3[ Applying the functor v to the isomorphism ve in the 
left diagram, we find an isomorphism of Ox-modules: 

KE:H'^{n'^{E))^E. 

But is also compatible with the Oc-niodule structures in the right dia- 
gram. This implies that k^; is also a homomorphism of (9g-modules. □ 

Remark 5.17 If i3 ^ i3' is a surjection of invertible Oc-modules and E is 
an object of G-HIG which is annihilated by the annihilator of B' , then the 
natural map T-Cb'{E) T-Cs{E) is an isomorphism. 
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It is sometimes convenient to use the dual point of view to that taken in 
Theorem 15.161 With the notation there, let { J„ : n G N} denote an inverse 
system of ideals of Og defining closed subschemes Gn of G whose support 
is the zero section Go- Suppose further that each Og„ is a locally free Ox- 
module of finite rank and that for all m, n, the comultiplication map fits into 
commutative diagrams: 

Og Og ® Og 



Og^^^ -Og^®Og^. 

Let En := BjlJB and let An '■= 'H{Bn, Ox) Thus the map (15.9. ip induces an 
isomorphism: 

Let A be the direct limit of the directed system A-, so that we find an 
injection 

r^^i^rl^n'^. (5.17.1) 

The comultiplication maps on B. induce multiplication maps An® Am 
An+m, and A inherits the structure of an algebra in the category G-HIG. 
The identity element lj[ is the dual of the identity section of B. 

Let us say that an object E of G-HIG is L -continuous if each local 
section e of £^ is annihilated by J„ for some n, and let us denote the full 
subcategory of G-HIG consisting of such objects by G.-HIG. If E is /.- 
continuous, then any Oc-linear homomorphism h: B ^ E factors through 
Bn for some ra, so that (I5.17.ip becomes an isomorphism. Then Theorem 15. 161 
can be reformulated as follows. 

Theorem 5.18 LetB- and A- be as described above, and let G- -HI G denote 
the full subcategory of G-HIG consisting of the I. -continuous objects. 

1. For any object E of G.-HIG, 

aE- E A® E e^^l(g)e 

defines a locally split injection whose image is the annihilator of I with 
respect to the Higgs field induced from the Higgs field on A. 
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2. The functor 



T\: G.-HIG G.-HIG 



is an involutive equivalence. Furthermore, the isomorphism T\oT\ = id 
fits into the following commutative diagram 



E 



aE 



A®E. 




Here ke is compatible with the G-Higgs fields, and ve is a homomor- 
phism with respect to the following fields: 

A ® j^T\ ^ A®E and A®T\^ A® j^E. 

3. The functor T\ is compatible with convolution products in the following 
sense. For any two object Ei and E2 of G--HIG, one has a canonical 
commutative diagram 



T\{E,) ® T\{E,) T\^a{E, ® E, 




r\{Ei ® E2) 



Proof: The first statement is clear. The diagram in the second statement 
is equivalent to the diagram in Theorem 15.161 and hence it follows that the 
maps indicated are isomorphisms. Let us note, however, that this can also 
be proved directly by devissage. When E is annihilated by X this is clear. 
Since the sources and targets of both arrows are exact functors, a devissage 
argument implies that the maps are isomorphisms if E is nilpotent. But any 
X. continuous E is, locally on X, a direct limit of nilpotent objects, so the 
general result follows. Similarly, (3) is a translation of Proposition 15.141 and 
can also be proved by devissage. □ 
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5.4 Examples and formulas 

Let us return to the case in which the group scheme is the group underlying 
a vector bundle VT, where T is a locally free sheaf of Ox-modules of finite 
rank, so Ovt is the symmetric algebra S'T. The group law in this case is 
given by the unique algebra homomorphism 

/i*: S'T ^ S'T S'T 

such that t ^ 1 ® t + t ® 1. Let V^T := Specr'(T) [3, Al] be the divided 
power envelope of the ideal of the zero section and V^T := Specr.(T) its 
completion with respect to the divided power filtration. These are also group 
schemes, and the group law 

/i*: r.(T) ^ r.(T) ® r.(T) 

is the unique divided power homomorphism sending t to l®t + t(S>l. 

Let Q be the dual of T and recall from [31 AlO] that there is a natural 
isomorphism 

Pn-. S^in)^nomiT4T),Ox) 
for all n, and hence an isomorphism 

S'{n)^nom'{T.{T),Ox), 

where the / signifies the Matlis dual. The following proposition is essentially 
contained in Theoreme V.l of we give a slightly simpler proof here for 
the reader's convenience. 

Proposition 5.19 With respect to the pairing pn S*" x r„ — ^ Ox deGned 
above, 

1. The algebra multiplication S'{n) ® S^{n) S''+^{n) is dual to the 
comultiplication of r.(T) followed by projection: 

^^+AT)^ r,(T)®r,(r)^r,(r)®r,(T). 

a+b=i+j 

2. The algebra multiplication Ti{Q) (g) rj(i7) — > rj+j(i7) is dual to the 
comultiplication followed by projection: 

S^+3{T) 5"(T) ® S\T) S\T) ® S^{T). 

a+b=i+j 
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Proof: Let ii: T rj(T) be the universal polynomial law of degree i [31 
A4]. Then if k = i + j , ii ^ ij defines a polynomial law T ^i{T) Tj{T), 
and hence a linear map fi'^j-. Tk{T) — > Ti{T) Tj(T). Adding these up we 
find a map 

/i': r.(T) ^r.(T)®r.(T) 

This is the unique Ox-linear map whose restriction to Tk{T) sends each ik{t) 
to X]j+j=/c ^i(^) ® ^j(^)- the other hand, the comultiplication fi* of r.(T) 
is a divided power homomorphism sending tto + so 



/i*(4(t)) =/i*(t''^^) = (t® 1 + 



5^ tH^t^l. 

i+j=k 



Thus, fi' = fi*. Now recall that pi is just the standard duality map and that 
one deduces from pi a unique morphism of algebras 

p: S-{n) ^ P(T,Ox) = Hom(r.(T),Ox), 

where P{T, Ox) means the ring of polynomial laws T —>■ Ox- Thus if a; G 
S\Q) and y G pk{xy) is pi{x)pj{y), where this product is taken in the 

algebra P{T, Ox)- In other words, the following diagram commutes: 



Pk{xy) 



O 



X 



p: 



r,(r)®r,(T) 



Pi{x)^Pj{y) 



Ox®0 



X 



Since p' = p* this proves (1). 

Reversing the roles of VL and T, we conclude from (1) that the multiplica- 
tion map rriT of the algebra S'{T) is the dual of the comultiplication map p^ 
of the group law of r.(fi). Since the latter commutes with algebra structure 
rriQ of the algebra r.(fi), it follows that the dual m' of also commutes 
with m-r. Thus m' is an algebra homomorphism S''(T) ^ ^'(T)® 5' (T). The 
same is true of the group law p^. We claim that these two homomorphisms 
are equal, and it suffices to check that this is true for elements of degree one. 
In other words, we have to check that the map p^: T ^ T ® Ox ® Ox ® T is 
dual to the map : Ox (S> © Ox ^- But this is trivially true. □ 
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It will perhaps be helpful to make everything explicit. We shall do this in 
the case B = Oq and A = t^B"^ . Note that —^i induces an isomorphism 

Corollary 5.20 Let T and fl be as above. Suppose that also that T is free, 
and that (^i, . . . ^m) is a basis for T and {ui, . . . Um) the dual basis for Q. Let 
L denote the I-adic filtration of S'T (resp, the PD-filtration ofT'T. 

1. IfG = VT: 

Og = S'T; ^V = ^^+-^ 

9^n{ei®e2) = ® ^5(^2) for Ci ® 62 e ® E2 

i+j=n ' 

e^^{h) = Yl ("^Ai-iyOi^hoei for hen{Ei,E2) 



t-\-j=n 



2. IfG = V^T; 



J! 



-LU 



J-I 



(J -/)!(/!) 

9^[n] (ci ® 62) = Y (^1) ® ^swi (^2) for ei®e2 e El® E2 



i+j=n 



[h) = ^(-1)^'^5H oho e^u\ for h e n{Ei, E2) 

i+j 

It is also of some interest to give an explicit formula for the inverse to the 
map h of Theorems 15.161 and I5.18[ Let us do this when G = V^T. Let Ki 
(the "Casimir operator" ) be the element of 5**^ (g) r*T corresponding to the 
identity homomorphism. In terms of the bases above, 

\i\=i \i\=i 
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If is a G-field on E, Ki defines an endomorphism 

\i\=i 

If 6 is locally nilpotent, so is 6tot, and in this case 

oo 

is a well-defined endomorphism of S'Q^E. The following result is essentially 
classical; we shall omit the amusing and elementary proof. 

Proposition 5.21 Let {E,6) be a locally nilpotent T.T-niodule. 

1. The Casiniir operator ke'- S'Q ^ E S'Q ® E deGned above is a 
projection operator with image 

T{E) := 

and factors through the map a: S'Vt ® E E defined by the the 
augmentation S'Q Ox- 

2. The map 

/i' := (/t£o^*°*) : S'n® E ^ S'n®T{E) 

J 

is the inverse of the map h of Theorem \5.18[ 

3. The map 

Ke:E^T{E) 
induced by k is an isomorphism, inverse to the map 

Vf-=(^*f° 3e ■ Tx/si.E) E. 
These isomorphisms take the field 9 on E to L^:6q-. That is, 

for all I. 
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5.5 Azumaya algebras over group schemes 

Recall that if M is a locally free sheaf of finite rank on a scheme then the 
(matrix) algebra £ :— £ndoz{M) is a quasi-coherent sheaf of Cz-algebras 
whose center is Oz- Furthermore, the functor E ^ M ®E from the category 
of sheaves of O^-modulcs to the category of sheaves of left £^-modules is an 
equivalence, with quasi-inverse Horrig^M, ). A sheaf of algebras over Oz 
which locally for the fppf topology is isomorphic to Sndoz{M) for some 
locally free M is called an Azumaya algebra. Note that an Azumaya algebra, 
viewed as O^-niodule, is locally free of rank (P, where d is a locally constant 
function on Z. The function d is called the index of the Azumaya algebra. 
An Azumaya algebra S is said to be split if it is isomorphic to £ndoz{M) 
for some such M; in this case M is said to be a splitting module. If A is 
an Azumaya algebra of rank d'^ and M is a sheaf of left ^-modules which 
is locally free of rank d over Oz, then the natural map A £ndoz{M) is 
necessarily an isomorphism, so A is split and M is a splitting module []. 

Let us note for future reference that if M is an ^-module which is locally 
free and of finite rank as an C^-module, then := HomoziM^Oz) is 
a naturally a right ^-module, and for any A module N there is a natural 
isomorphism of Cz-modules: 

nom^{M,N) <znamoziM,N) ®Oz N ®aN (5.21.1) 

We have found it convenient to use the language of 2-categories to describe 
the relations among Azumaya algebras. 

Definition 5.22 Let A and B be Azumaya algebras over a scheme Z. 

1. A 1-morphism M : A ^ B is a module M over A°^<^B which is locally 
free over Oz of rank (ind^)(indB), i.e., a splitting of the Azumaya 
algebra A°p B. 

2. IfM-.A^B and N: B^C are 1-morphisms, then NoM :^ N®bM 

3. If M and N are 1-morphisms A ^ B, a 2-morphism: M ^ N is an 
isomorphism of A°^ (8) B-modules M ^ N, with the obvious notion of 
composition. 

For any object A, id^ is just the bimodule A. 

If M is a 1-morphism A^ B, then := Homoz{M, Oz) is a B°p ® A- 
module, i.e., a 1-morphism B ^ A, and the natural maps o M = 
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Endig{M) = A = id_4. Thus all 1-morphisms are equivalences (and all 2- 
morphisms are isomorphisms). 

If A is an Azumaya algebra over Z, let Mod{A) denote the category of 
.4-modules, which we may view as a stack over Z. A 1-morphism M: A B 
gives rise to an equivalence of categories: 

C^/ : Mod{A) Mod{B) -.E^M^^E, 
together with functorial isomorphisms 

C^/(^ L) Cll{E) ®o, L (5.22.1) 

for every O^-module L. Conversely, every equivalence of stacks, together 
with such a family of isomorphisms (satisfying suitable compatibilities), comes 
from a 1-morphism. 

Recall that the category of Dx/5-modules has a tensor structure: the 
tensor product of Dx/s-module M and iV is M ®Ox ^ 1 where the action of 
the vector fields on M ®Ox ^ given by the Leibniz rule: Vi5(m ® n) : = 
V {rn)®n+m®'S/ {n) . We will see that in characteristic p, the tensor structure 
on MIC{X/ S) comes from a more rigid structure on the Azumaya algebra 
Vx/s which we will explain below. First we will give an abstract definition 
on an Azumaya algebra over a group scheme, and then in Example 15.261 we 
will construct a canonical tensor structure on Vx/s- 

Definition 5.23 Let G he a Rat afEne group scheme over a scheme X and 
let A be an Azumaya algebra over Oq- In the notation of l{5.2\) . a tensor 
structure on A consists of the following data: 

1. A 1-morphism of Azumaya algebras on G x G: 

6 : n*A -> pIA ® pIA. 

2. An associativity 2-morphism a as follows. Note that fi o {fi,p3) = 
fi o {pi, fi) is the multiplication morphism fi^: G x G x G ^ G. Then 
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a is a 2-inorphism between the 1-morphisms f and g shown below: 



f 



pIA o pIA pIA 



(5 (g) id 



IJ,*A ® pIA 




pIA ® P2A ® pIA 



id (g) 5 



pIA (g) fi*A 




The above data should satisfy the pentagon condition P, 1.0.1]. 

If G is commutative, then a symmetric tensor structure on ^ is a ten- 
sor structure as above together with an additional datum 7. Note that 
cr*{plA^P2A) = {p2A®pIA), so that the standard commutativity iso- 
morphism for (g can be viewed as an isomorphism 7,^: a* {pi A ® P2A) = 
pIA (g P2A. Since G is commutative, /i o a = /i, and hence the commutative 
square below exists. Then 7 is a 2-morphism 



7, 



s 

(^^*A pIA^pIA 



fi*A 



(pIA^pIA) 



such that 7^ = id. The associativity morphism a and the commutativity 
morphism 7 should also satisfy the hexagon axiom pi, 1.0.2]. 

Azumaya algebras with (resp. symmetric) tensor structure also form a 
2-category: a 1-morphisms A ^ B is hj definition a pair (M, A), where M 
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is a 1-morphism of the underlying Azumaya algebras as before and A is a 
2-morphism 

^^^^^ pl{M)^p*2iM) ^ fj,*{M) 

pIB(^pIB fj,*B ^pIB^pIB 

Ob 

compatible with the associativity (resp. and the commutativity) 2-morphisms. 

Let {A, S, a) be an Azumaya algebra with a tensor structure. Then the 
category Mod{A) of modules over A is endowed with tensor structure: given 
v4-modules Mi and M2 we define the tensor product 

Ml ® M2 = 12, {5-\p\Mi®plM2)) . (5.23.1) 

Recall from [9] that a unit object of a category M. with a tensor structure is 
a pair (f/, h), where U is an object of M. and h is an isomorphism 

h:U c^U®U, 

such that the functor ®U : M. ^ M. sending an object M to M ® U is 
an equivalence of categories. It is shown in [loc.cit.) that the unit object 
is unique up to a unique isomorphism and that for any object M there is a 
functorial isomorphism M ®U c::^ M. 

Lemma 5.24 Let A be an Azumaya algebra over G equipped with a tensor 
structure (5, a) / I5.23|) . Then the restriction i*A of A to the zero section 
has a canonical splitting Nq. Moreover, there is an isomorphism h : i^N^ ~ 
«*A^o ® i*No, and the pair U := {i*No, h) is the unit object of Mod{A). 

Proof: Since jjioi = pioi = the restriction : i*A — >■ i*A®Ox ^ 
the zero section of G is an i* {A°^ ® A® A)-m.odv\e P. Then the i*^-module 
Nq := 7iomj.(^op0_4)(2*^, P) gives a splitting of i*A. 
Next we construct the isomorphism h . By definition, 

u®u = fi,{6-\piu®p;u)) 

= iJo\No ® No) = nomi,^_A»_A) {P, No ® No) 
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Evaluation of homomorphisms defines an isomorphism of i*{A°^ A ® A)- 
modules i*A ^Nq^ P. Thus 

U®U = UnoTni,(^A»A)i^A (g)No,No(S) Nq) 
^ i^nomi,A{i*A No) = U 

Finally, we have to prove that the functor ® U : Mod{A) Mod{A) is 
an equivalence of categories. Let Tj-.G^GxGhe the graph of the zero 
section. Since o = id, T*[5) is a 1-morphism: 5i : A ^ A® j*A. If 
M e Mod{A), 

M®U := S^\M0p*No). 

Since p*Nq is a splitting of j*A, the functor (g)p*No : Mod{A) Mod{A ® 
j*A) is an equivalence. Since 5f ^ : Mod{A ® j*A) Mod{A) is also an 
equivalence, the lemma is proved. □ 

Observe that a tensor structure on A induces a canonical 1-morphism 
L*A = A°^, obtained by pulling back 6 by the graph of l, since by Lemma [5.24[ 
i*A is canonically split. It follows that the category Mod{A) has inner Homs. 
Let 

5': fi'*A-^ pIA°p ®p;a 

be the pullback of 6 by (t, id) composed with the 1-morphism l*A ^ A ^ 
A°^ ® A. If El and E2 are objects of Mod{A), TCex{Ei, E2) is naturally a 
pIA°'' ®P2^-module, and 

n{Ei,E2) = /it {6'-'nex{Ei,E2)) . 

If G is commutative and the tensor structure is endowed with a commu- 
tativity morphism, then Mod{A) becomes a tensor category in the sense of 
[9]. From now on, we assume this to be the case. 

Definition 5.25 A tensor splitting of an Azumaya algebra A equipped with 
a tensor structure over G is a 1-niorphisni (in the category of Azumaya 
algebras with symmetric tensor structure): Oq A. 

Note that, in general, a 1-morphism M : A^ B gives rise to equivalence 
of tensor categories: 

C^/ : Mod{A) ~ Mod{B), Cm\Mi ® M2) = C^l{Mi) ® ^^/(Ms). 
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In particular, a tensor splitting M gives an equivalence between the tensor 
categories: C^/: ModiOa) ~ Mod{A). Observe that Og is a commutative 
coalgebra with counit in the category ModlOc)- Thus, by "transport of 
structure" the sphtting module M = C^{Og) becomes a commutative coal- 
gebra with counit in Mod{A). In other words, we have canonical morphisms: 

M ^ M ®M, e: M ^U. 

In the case of the split Azumaya algebra A = Og with the obvious tensor 
structure, the notion of a tensor splitting boils down to the notion of a 
character sheaf introduced in Definition 15.111 

Example 5.26 Let us explain how the above formalism works in the case 
of the Azumaya algebra of differential operators. First recall the following 
lemma. 

Lemma 5.27 Let M and N be objects of MIC{X/ S), and let ipM cLnd 
ipN be their p-curvatures. Then the p-curvature of the tensor product and 
internal Horn: 

ijMm : M N ^ M N ^ F*x/s^x'/s 

ilj : Homo^ (M, N) ^ Homo^ (M, N) ® F^/s^x'/s 
are given respectively by the formulas 

tpM'giNi'm ® n) = i>M{m) ® n + m ® il>N{n) 

□ 

By definition, giving a tensor structure on Vx/s amounts to giving a 
1-morphism of the Azumaya algebras on T*xi/s ^x' '^*x'/s 

S : n*'Dx/s P*iT^x/s ® pI^^x/s 

together with the associativity and commutativity 2-morphisms a and 7 . 
We will construct 6 as follows. View Vx/s as a left module over itself, and 
endow A := Vx/s ®Ox ^^x/s with the left Px/s-module structure defined by 
the Leibnitz rule above. Note that the right action of Vx/s on itself makes 
A a right module over the algebra Vx/s ®F^^gOxi ^x/s or, equivalently, a 
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left module over Vx/s ®f-^^^Ox, {T^x/s ^f-^^^o^, T^x/sY^- Lemma [523 shows 
that the action factors through Vx/s ^F^^gS-r^/^s i'^x/s ^f^^^^o^, I^x/sY^, 
where the F^y^S'T^'/s-module structure on Vx/s ^f-^^^Oxi T^x/s is given by 
comultiplication: 

'■ ^x/s^ Tx'/s Fx/s{S Tx'/s ®Oxi ^ Tx>/s)- 

Thus, A gives rise to a module over the Azumaya algebra iJi*Vx/s®{piVx/s® 
V'tPx/sY'^- It is easy to see using local coordinates that as a module over the 
center OT^,^gXjf,T^,^g it is locally free of rank pSdirngX ^j^j^j^ is equal to the 
index of the Azumaya algebra. Therefore we get a 1-morphism 5. 

Next, let us construct the commutativity 2-morphism 7. Consider the 
automorphism S of the algebra Vx/s ^F'^^gS-T^, /s C^^/s ^f-^^^o^, 'T^x/sY'^ 
which sends D^® D2® -D3 to Di ® ® D2- Then, giving 7 amounts to 
giving an isomorphism 

T^x/s ®Ox '^x/s (Px/s ®Ox T^x/sT 

of modules over Vx/s ®F-^^gS'Tx< ,s i^^x/s ^f^^^Ox' '^x/sY^ The obvious per- 
mutation does the trick. 

To construct the associativity morphism a, we note that the two 1- 
morphisms: 

Ais'Px/s P*i1^x/s ® pIT^x/s ® pI'Dx/s 

in Definition fl5.23p are given by the same module Vx/s ®Ox '^x/s ®Ox '^x/s- 
With this identification, we let a be the identity morphism. 

It remains to show that a and 7 satisfy the pentagon and hexagon axioms. 
To save space, we may use the following trick. First, one can easily check 
the axioms for the restriction of Vx/s to the zero section X' —>■ T^,^^. 
Furthermore, since the statement is local on X and stable under a base 
change T — S", we may assume that S is reduced. Then any 2-morphism 
over T*x'/s ^x' 'T*x'/s x ■ ■ ■ Xx' 'T*x'/s uniquely determined by its restriction 
to zero section. This completes the proof. 

Remark 5.28 If the base 5* is normal and reduced, one can prove that the 
tensor structure on Vx/s equipped with an isomorphism : Ai'o — Fx/s*Ox 
between the canonical splitting module over the zero section X' —>■ T^,^^ 
described in Lemma 15.241 and the splitting Fx/s*Ox of Remark 12.21 is a 
unique (up to a unique isomorphism). 
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Next we shall discuss tensor Azumaya algebras over a formal and PD 
completion of a group scheme G along its zero section. 

Let G (resp. Q) denote the formal (resp. PD) completion of G along 
its zero section, viewed as a locally ringed space. Let G^ (resp. Q"^) be 
the formal (resp. PD) completion of along its zero section. Then the 
definition a tensor structure for Azumaya algebras over G (resp. Q) is the 
same as before, with these completed fiber products in place of G". 

Denote hy ik : Gk ^ G (resp. ik '■ Qk ^ G) the subscheme defined by 
the k + 1 power (resp. divided power) of the ideal of the zero section; if M is 
an Cfj-module (resp. Cg-module), Mk := ikJl-^- The multiplication map fi 
gives rise to morphisms of schemes: n : Gk^ Gi ^ Gk+i (resp. H Qk^ Gi ^ 
Qk+i)- The category of y4.-modules with the convolution product defined the 
formula (15. 3p is not a tensor category, since the associativity constraint fails 
in general. However, the subcategory Mod' [A) of /.-continuous modules is 
stable under the convolution product and is a tensor category. (Recall that 
a module is said to be /.-continuous if each local section is locally supported 
on Gk (resp. Qk)i for some k.) 

Let M : Og ^ be a tensor splitting. The splitting module M inherits 
a structure of a topological commutative coalgebra with counit, that is, a 
family of maps Mn — > Mk ® Mi, for any n > I + k, and e : M ^ U satisfying 
the obvious compatibilities. 

Proposition 5.29 Let A be a tensor Azumaya algebra over G (resp Q). 
Then the following data are equivalent. 

1. A tensor splitting of A. 

2. A splitting module M for A with the structure of a topological colage- 
bra with counit. 

3. A splitting module M for A whose topological dual lim H{Mn, U) is en- 
dowed with the structure of an algebra with unit in the tensor category 
Mod- {A). 

Proof: We will prove the result for Q] the formal case is similar. The 
equivalence of (2) and (3) is clear, and we have already shown how the data 
of (1) give the data of (2). It remains to explain how the data of (2) give 
(1). Let M be a splitting with a coalgebra structure: Mk+i —>■ Mk ® Mi. 
By definition, Mk ® Mi = fiJ~'^{plMk f^plMi). Thus, using the adjointness 
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property of /i* and /i*, we get a morphism: iJ*Mk^i S ^(p^M^ ®p2^z)- 
Let us consider the restriction of the above morphism to Qk^ Qi'- 

{^k,^ly^i*M = {ik,iiy^*Mk+i ^ 6-\plMk®plMi) = (1^,11)* 6-\plM®p;M) 

(5.29.1) 

These morphisms are compatible with change of k and /, and we claim 
that they are all isomorphisms. Indeed, both {ik,ii)*fi*M and 
{ik, ii)*S~^{plM ® P2M) are splittings of the Azumaya algebra over Qk x 
Qi, and, in particular, they are locally free over Qk ^ Qi- Also, the existence 
of counit: M Mq ~ U implies that, for A; = / = 0, the morphism (15.29. II) 
is an isomorphism. Hence (15.29.11) is an isomorphism, for any k and I. Thus, 
we get an isomorphism: /i*M ~ 5~^{p\M ®P2M). □ 

Let A be an Azumaya algebra on Q with a symmetric tensor structure. 
Let TSV be the stack on X assigning to a scheme U etale over X the 
groupoid of tensor splittings of the Azumaya algebra Au over Q x U (i.e. 
1-morphisms from Au to the trivial Azumaya algebra Og^^jj ). Let SVi be 
be the stack sending U to the groupoid whose objects are pairs (A^, e), where 
is a splitting of the restriction i\Au and e is an isomorphism e : i*N ~ A"o. 

Proposition 5.30 Let G he a smooth commutative group scheme and A be 
an Azumaya algebra on Q with a symmetric tensor structure, which admits 
a tensor sphtting etale locally on X . Then the obvious restriction functor: 

tl : TSV ^ SVi 

is an equivalence of stacks. 

Remark 5.31 The stack SVi is, in fact, a gerbe. That is, there exists an 
etale covering of Ui of X such that, for each i, SVm. is non-empty, and, for 
any etale morphism U ^ X, any two objects of SVijj are locally isomorphic. 
Thus, the proposition implies that the stack TSV is also a gerbe. 

Proof: Recall that, for a smooth commutative group scheme G, the expo- 
nential map induces an isomorphism: 

exp : T c:^ Q 

where T is the completed PD envelope of the zero section X ^ T of the Lie 
algebra T. Thus, without loss of generality we can replace G by the vector 
group T. 
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To prove that il, is an equivalence we will construct the inverse functor 
exp : SVi TSV explicitly. The reason we call it the exponential will 
be clear in a moment. Given a ^-module M we denote by T^M the A- 
submodule of the tensor power M® which consists of Sfc-invariant sections. 

Let (iV, e) be an object of SVi over U . Define 

Ml = iuN, Mk = T'^Mi. 

We claim that Mk is a splitting of Au over Qk- Indeed, since the statement is 
local on U we may assume that A has a tensor splitting. A tensor splitting, 
in turn, gives an equivalence between the tensor category of /.-continuous 
^[/-modules and /.-continuous Ogxu- niodules. This equivalence takes Mi 
to a line bundle over Qi Xx U. Shrinking the base, if necessary, we may 
assume that the line bundle is trivial. Then the claim follows from the fact 
that, for smooth G, the S'^-invariant multiplication morphism 

induces an isomorphism T^Og-^ ~ Og^. 

The morphism e : Mi U gives the map: 

Mfc ^ Mfc_i, 

and, moreover, il_^Mk — M^-i- 
We define exp{N) to be 

exp{N) = limMfc 

First of all, it is clear that M := exp{N) is a splitting of Au- Furthermore, it 
is a coalgebra with counit. The coalgebra structure comes from the canonical 
morphism: 

Mk+i = r^'+'Mi ^ T'^Mi ® r'Mi = Mfc ® Ml. 

By Proposition 15.291 it gives a tensor splitting. 

It is clear that il{exp{N)) = N, so it remains to construct a canonical 
isomorphism 

M ^ exp{e^{M)), (5.31.1) 

for any tensor splitting M over U. But this is immediate: the splitting M 
gives an equivalence of tensor categories: Cm '■ Mod{Au) — Mod^Ogx^u)), 
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which takes M to Ogxxf/- define f l5.31.ip to be the morphism corre- 
sponding under the above equivalence to the canonical isomorphism 

^limr^Og,. 

□ 

Denote by Q* the sheaf on X whose section over a scheme U etale over 
X is the group of homomorphisms: Homu{Q x U; Gm)- 

Let A be an Azumaya algebra on Q with a symmetric tensor structure, 
which admits a tensor splitting etale locally on X. We assign to ^ a class 
[A\ in H^^{X,Q*) as follows. Choose an etale covering of Ui of X together 
with tensor splittings Ni on each Ui and tensor isomorphisms (pij : Ni ~ Nj. 
Then (f)ki4'jk4'ij is a Cech cocycle with coefficients in Q*. Similarly, given 
an Azumaya algebra over Qi together with a splitting over the zero section 
we can construct an element of H^^{X,OlgJ = H^^{X,T^^^), where O^g^ 
denotes the group of invertible functions on Qi equal to 1 on X ^i. 

Recall that for any smooth commutative group scheme G over X we have 
the isomorphism: 

exp : Olg^ = T*a,x - 

The inverse map is the restriction i\. Passing to cohomologies we get a 
morphism: 

exp : Hl{X, T*a,x) ^ H^X, G*) ^ 0*g) 

Proposition 5.32 Let A be an Azumaya algebra on Q with a symmetric 
tensor structure, which admits a tensor splitting etale locally on X. Then 

exp\ilA] = [A]. 

Since the restriction il : H^^{X,Q*) H^^{X,T^^-^) is an isomorphism, the 
proposition follows from the obvious fact: [ilA] = il[A]. 
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